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松 田 秀 雄・宮 腰 隆
緒 言
論理設 計を行なう場合， 与えられた関数のプライムインブリカント (以後PIと略記) を求める必要
がある。 これを 計算機で求めるには従来から， Quine- McCluskey法がよく用いられてきたが， 昨年，
筆者らはカルノー図による方法に立脚した関数変換法を提案し， 他の方式との比較検討を行なった。
今回は， これを更に効率的に改善し， 計算時間を%程度にまで短縮できる縮小カルノー図法について，
原理， プログラム化， 及び 計算結果について述べる。





る。 但し， ここでO印のセルで true， 無印のセルでfalseを示
す。 又， 各セルの数字は座標ベクトル(x.， X2， Xs， X4)でlの成
分の少ない順に， もし同ーの1の数を持つ場合には2進数字と
みなして小さい順に並べた順位番号を表わす(表l 参照) 。
X， X， X，のように変数の積項をキューブというが， 4 変数の場
合， 81個 (一般にn変数で3n) 個のキューフーがある。 このうち，
とくに否定形の変数を含まない変数の積項で表わされるキュー
ブを許容キューブという。 4 変数の場合， 許容キューブはぬ，
X2， Xs' X4， X1 X2， X2 Xs ， ・・・・・・， X1X2XaX4の15個とf= 1， 
つまりカルノー図全体の計 16 (一般にπ変数で2n) 個あり， い
くつかの例を図2 に示す。 上述の番号付けのもとでは， 許容キ
、、
l 4 I@ 5 
2 G G 9 
6 12 @ 。l
3 8 15 10 
。印はtrue
図1 関数Fの例
ューブに 共通な性質としてセル16 (座標(1， 1， 1， 1) のセル) を含んでいることがいえる。 又 ，許容
キューブはセル番号で表わせ， この番号が， 更にキューブの大きさの順位をも示しているようにでき
る。 例えば許容キューフXー，は図 3 のように 12， 6， 7， 9， 12， 13， 14， 161の各セルからなるが， こ
のうち最小のセル番号2 に注目して “セル16に中心をもっ， セル2 を通るキューブ"といい， 記号P，6
( 2 ) と表わす。 又， 許容キューフ、ムエ2は 1 1 ， 14， 15， 161のセルからなるが， 最小のセル1 に注目
して，“セル16に中心をもっ， セル1 を通るキューブといえ， 記号 P，6 (1 ) で示す。 このように約束す
るとカルノー図全体， すなわち2n個のセルからなる許容キューブは記号 P，6 ( 1 ) で表わされて最大，
セル16だけからなるキューフ、、Xt X， X， X，が記号P16(16)となり， 最小の許容キューブで， 他の許容キュ
-BA 
X1 • X2 
x_x 3--4 
( . ) 
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( b ) 
図2 許容キューブの例
X_X_X_X 1--2--3--4 

















ーブはこれらの聞の大きさで， セル番号に応じて， 順次等しいか ， あるいは小さくなる。
1.2 原 理
図1の関数Fは2"次元ブールベクトル
F = (1， 2， 3， 4， 5， 6，⑦， 8， 9， ⑬，⑪， 12， ⑬， ⑭， 15， ⑮) 
としても表現できる。 あるキューブq， も2"次元ベクトルで表わしたとき，
(関数 F) 門 (キューフ守q，) = (キューブq，) 
q，とFとの聞に
( 1 ) 
が成り立つなら， Fのインプリカントである。 ここで記号nはFとq，の各成分ごとの論理積演算をと




まず， 許容キューブを大きいものからP1 6(1) ， P同(2) ， ……と順次発生させ 関数Fとの論理積をと
る。 式(1 )が成り立てばPIの照合を行なう。 本例ではP16(13) ， すなわち， X1 X3 x4 1セル ⑬， ⑬|とP1 6
(14 ) ， すなわち， x1x2x41⑪， ⑬|との2 つのPIが見つかる。 許容キューブでない PI， x， x， x.l⑦， 
⑪!とx，x，x，{⑪， ⑭)については次のようにある縮小図の許容キューブとして求める。
セル番号14の座標 は (1， 1， 0 .1) である。 ここで 0 の成分
ぬに注目して， カルノー図上 X，= 0 の部分を考える。 図 4 の太
線内はこれを示し， もしぬの成分を無視すると， X1 ， :r;， ぬの
3 変数だけで1つのカルノー図を構成 する (図 4点線内) 。 こ
れを縮小カルノー図 (略して， 縮小図) 14という。 この図での
許容キューブは1， X1 ， Xz ， X4， X1 X2， ……， X1 .1与 x. でい
ずれもセル14 (座標 (1， 1， 1) ) を含む。 上記同様， 許容キュ
ーブが含む最小のセル番号と中心セル14に注目して， これらの




(F.. ) 門 (許容キューブP..(j) ) = (許容キューブP..(j)) 
r--:一一ーー一一ーー一一一一
X 
l 4 @ 5 
2 ① @ 9 
6 12 16 13 
3 8 15 10 
且一
図 4 縮小カルノー図の例
( 2 ) 
を順次， j= l， 2， 4， 5， 7， 9， 11， 14ととって調べればよい。 ここでF.. は関数Fの縮小図14への
縮小で， この図だけで定義されていて， ここではFと同じ真理値をとる関数である。 いまの例ではP.. 
2 
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(7 ) とP"(11) ， すなわち， X2 X4 1⑦， ⑭|とX1 X2 1⑪， ⑭| とがこの図でのPIとなる。 もし， PIがセ
ルの集合として表わきれているなら， これら，1 7 ，  141. 1 11， 14 f はすでに得られている1 13， 16及
び 1 14， 16 f と直接PIの照合ができ， 新しいPIとしてつけ加えられる。 又PIが積項 X2X4， X1 X2で表
わされているなら， これに縮小図14を作る上で省略された変数ゐを付加 して， X2 x3ぬ， x， x， X. にな
おしてから， すでに得られているPIと比較されねばならない。 図1の例ではただ1つの縮小図ですべ
てのPIが求まったが， 一般には， このように簡単でなく， 縮小図14にならって， 各セルzてがの縮小図
が必要となる。 縮小図zの許容キューブをPi ( j )と表わし， この図への関数Fの縮小をFiとすれば，
論理積
(関数Fi) 円(許容キューフア'i(}) ) = (許容キューブPi(j) ) ( 3 ) 
の成 否を調べれば， 縮小図zのインプリカントが求まる。
いま， セル番号iを 16， 15， …， 2 ，  1とかえないがら， 各縮小図tごとに大きい許容キューブか
ら論理積式( 4 )をとっていけばPIとなるすべてのキューブが見つかることがわかる。 なお， 縮小図16
はもとのカルノー図そのものになることを一言注意しておく。
1.3 縮小カルノー図法の諸性質
η変数の場合でも手続きは上例と同様， 次のように行なわれるものとする。 すなわち， 縮小図は 大




(証明) セルzの座標 ベクトル (x，， ぬ， …， x，.)て"， 0をとる成分の数をk個とする。 縮小図iは
(η- k) 変数のカルノー図であるから許容キューブの数は2(n-k)個あり， このようなセルはnC‘個あ
る。 k は 0 ， 1， 2 ， …， ηとかわり得るので， 縮小図の許容キューブの総数は
となる。
n 
L n C. 2"-' = 3" ( 4 ) 
〔補題2 ) すべての縮小図の許容キューブの集合Pからキューブ全体の集合 Qへのl対1写像が存
在する。
(証明) 縮小図zの許容キューブはもとのカルノー図のキューフ、、で、もある。 この対応を写像f:P
→Qとおく。 一方， あるキューブを Xi1ゑ2九...XikXj円以内・・.XiPlとする。 このとき， Xi1==Xi2==…二
xi• = 0， その他の成分を 1としたベクトル座標のセルをzとするなら， このキューブに縮小図zの許
容キューブ XiP1 XiP2…XiPlを対応させる写像g:Q→Pとおく。 fとgは互に逆写像で一意的で、ある。
故に1対1写像である。
全キューブと関数との論理積をとるなら， すべてのPIが求まることは明らかである。 c補題2 )に




例えば，(i) セルzが無印のセルなら， 縮小図zについて考える必要はない。 又，(ii ) セルJが無印
のセルなら， セルjを通る許容キューブPi( j) と関数Fiとの論理積は不用である， などである。 こ
れらの諸性質を使って， 次にアルゴリズムを書き表わす。
-3ー
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2， アルゴリズムとプログラム化
2.1 アルゴリズム
zとJはセル番号で最初i= 2n， つまり最大のセル番号としておく。 PITABLEはその時 点までに
すでに得られているPIの表で， 初め空ゆ としておく。
1， FのセルiがO印のセルなら縮小図iを発生し， F; = F" j = 1として手)11真2へいく。 無印な
ら手順6へいく。
2. F:のセルJが無印のセルなら， 手順 5へいく。 O印のセルなら，
3 ， 次式 を調べる。
F， n P，(j)= P，(j) 
成 り立てば， P， (j) に属するF;'のO印のセルを無印にかえて手順4へいく。 成 り立たなければ，
F.' のセルjを無印にして手順 5へいく。
4 ，  P，(j) ρ となるpがPITABLEにあるかどうか調べる。 あれば手順 5へいく。
P， (j) をPITABLEにつけ力日える。
5 ，  F，'の全部のセルが無印にかわったら， 7へいく。 そうでなければ次へいく。
6 ，  j < i ならば，j=j+1 として手順2へいく。 jミzならば次へいく。






をもつなら， 論理積数は1回だけですむ。 又， 全部のセルがO
印なら縮小図ご とに論理積数をl回つつ， 計 2n回でよい。
極端な例とはいえ， 3n よりはるかに小さい。 その他の関数につ









セルからなる。 縮小図15はセル15の座標が(1， 1， 1， 0) から，
aが 0 となるセルを表1で， セル15から上に向って探し出せは、
得られる。 すなわち， 11， 3， 4， 5， 8， 10， 11， 151のセルの
集合がこれにあたる。 一般に縮小図zはセルiの座標(Xli，X 
X3i' X4i) で 0 となる成分がやはり0 となっているセルを表1で
セルiから上向きに探し出せば得られる。
次に， 縮小図iのセル jを通る許容キューブについて考えよ
う。 例えば，P16 ( 1)は表1のすべてのセルからなるものを発生






















X1 X2 X3 3ι 4 
。 。 。 。
。 。 。 l 
。 。 l 。
。 l 。 。
l 。 。 。
。 。 l l 
。 l 。 l 
。 l l 。
l 。 。 l 
l 。 l 。
l 1 。 。
。 l 1 l 
l 。 l l 
l 1 。 1 
l l l 。
l l 1 l 
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すなわち，12， 6， 7， 9， 11， 13， 14， 16f のセルの集合がこれにあたる。 更にP"(j ) については，
セルJの座標 で 1 をとる成分がやはり1となっているセルを表1で， セルjから下にたどって探し出
せば求まる。 一般に縮小図zのセルJを通る許容キューブP，(j) も， いまの操作で表lの全セルを
考えた代わりに， 縮小図zに含まれるセルだけについて考える以外は全く同じようにして求まる。 例
えば， P1 4 ( 2 ) はセル2 の座標が(0， 0， 0， 1) であるからみ= 1となっているセルを表1で， セル2
から下にたどって， 縮小図14に含まれるセル1 1，2， 4， 5， 7， 9， 11， 14f の中から 選び出せばよい。
すなわち，12， 7， 9， 14 f がP1 4( 2 )のセルとなる。
表1のセル番号の欄は真理値表でもあり， 図 1 の関数Fの例が示してある。 いま許容キューフア" (j ) 
を発生し， それが無印のセルを 1個でも含めば論理積は不成立で捨てられる。 又， P， (j ) がO印のセ
ルのみからなればインプリカントで， ‘下Iの照合" を行なって， 他のPIに含まれなければPI として
採用きれる。
本例ではP1 6( 7 )= 1(7)， 12， ⑭， ⑬ f， P1 6 (11 ) = 1⑪， ⑬， 15， ⑬|は捨てられ， P1 6 (13) ニi⑬，
⑬ f， P1 6 (14)= 1⑪， ⑬ f， PI6(16) ニ|⑮lはインプリカントである。 このうち， PI6(16) は他に含ま
れるので除かれ， P1 6 (13) ， P1 6 (14) がPIとして採用きれる。 更に， P1 4 ( 7 )= 1⑦，⑪ f， P1 4 (11) = 
{⑪， ⑭iがO印のみからなるので， インプリカントであり， かっPI であることがわかる。
3. 計 算 結 果
3.1 比較する他の方式
プライムインプリカントを 計算機で求めるには従来から， Quine- McCluskey法 (本節では単に
McCluskey法と略記) がよく知られている。 これはT (true) をとるセルのみからなる最小のキュ
ーブからはじめて， 2 セル， 4 セル， ……と次第に大きなキューブに結合していけるかどうかを見る
方法で， 単位操作は2 つの 3進 η次元ベクトルで表わされたキューブの聞の処理となる。 ここではこ
の単位操作のことを単に論理積ということにする。
関数変換法はまず， 関数Fと許容キューブとの論理積 (式(1 ) 参照) をとって， PI を見出す。 但
し， ここでいう許容キューブは狭義のもので本論文の縮小図16の許容キューブP"( j ) に相当する。
許容キューブ以外のキューブでPIとなるものは，各セルごとに定義される変換工を 関数にほどこした
後， やはり許容キューブと式(1 )の論理積をとって見出す方法である。 この方 法で， 関数変換のため
に要する手数を省略できるよう工夫し効率を高めたのが縮小カルノー図法である。 関数変換法と縮小
カルノー図法とは原理的に同じなので， 論理積数は変わらない。 又， 関数の形あるいは変数の数によ
る計算時聞の 影響は両者とも ほぼ同じなので， 主として， 以下の考察での比較は縮小カルノー図法と
McCluskey法との聞で行なう。
関数F抽を変数の数 ηがη= 3k(k = 1， 2， 3， ……) で， それを構成 するすべてのキューブが k個
の肯定， 否定， 任意変数 からなる論理積項で表わされるものとしよう。 F:は η(= 3k) 変数関数のう
ちで最も多数のPIをもち， η= 9のとき，1680個にもなる。 表2 はF砧について，各方式 での計算結果
を表で示したもので， 縮小図法が非常にすぐれており，9変数で約35%関数変換法の計算時間を短縮
している。
きて， 上ではF劫によって， 縮小図法の優位性を示したのであるが， 実は各方式とも 計算時聞は関
数の形に依存 するもので， 図 5 はこれを示すための1例である。 η= 9の場合， カルノ図を左右に両
分すると，256個のセルからなるキューブが2 つできる。 ついで上下に2 分すると， 128個のセルのキ
ューブが4 個できる。 これを又左右に両分……， 上下に両分……していくと次第に小きくなり， 最 後
に 1 個のセルのみからなる最小のキューブになる。 ここで， 各分 割ごとに等しい数のfalse のキュー
5ー
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表2 肯定， 否定， 任意変数が k個ず つからな る 積項で表わきれ る関数(F，.)
論廼積数 計算時間 P工数
M S MS 
縮小カルノー図法 9 31 6 
n 3 閣数変換法 9 6 I 
McCluskey法 9 42 6 
縮小カルノー図法 165 847 90 
n 6 関数変換法 165 1 - 393 90 
r.icCluskey法 4200 2 - 487 90 
縮小カルノー図法 3528 1 - 29ー774 1680 
n 二 9 関数変換法 3528 2 - 17ー 97 1680 
McCluskey法 2259684 15 - 27 - 249 1680 
ブと true のキューブにわけ， それぞ れカルノー図 上交互に 配置するようにすると， 9 つ の関数が で
きる。 図 5 の 横軸はキューブの 大きさで，これらの関数を区別するよう 目盛 ったもの で ， たて 軸はそ
れらの計算時間を示す。 これからわかるように小さなキューブの関数なら，McCluskey i去 の方が 早 く
PIが求まる。 しかし， キューブが大きくなるにしたがって， 計算時聞が大きくなり， 結局はほぼ一定
の 特性 を示す縮小図法に比 べ不利となる。
次に計算時聞が関数の形の影響を受 けることを示す第2の例として， 図 6 を上げる。 これは全体の
セルの中で true のあらわれる 確率をいろいろ
変えて， 各方式 の計算時間を対比 させたもの で
ある。 それぞれの点は 横軸の目盛 の 確率で'true
のセルが表われるよう乱数を使って発生させた
8変数の関数 5 個の 平均計算時間 である。 いず
れ の方式 もtrue のセルの 割合いと 共に計算時
間も 増加 するが， その 増加の 傾向はMcCluskey
法で 著しい。 この場合も， McCluskey法の 有
利な場合と， 縮小図 法 の 有利な場合のそれぞれ
の true のセルの 割合い範囲がある。
このように， 関数のPIとなるキューブの 大き
さ， Tのセルの 割合いで各方式の計算時間が 異
なってくるので， 多数の関数の 平均値 でもって
計算時間を算出するのが 望ましい。 表 3 はこれ
を示したもので， 4- 7 変数については無作為
に 選んだ 100個の関数の 平均値， 8 変数 は50個







1 2 4 8 16 32 64 128 256 
PIに含まれるセルの数
図 5 プライムインプリカントの大きさと















ために図 7 をあげる。 これは
1.3で述べた性質( i )， 及び
















変数 McCluskey法 関数変換法 縮小カルノー図法
M S MS M S MS M S MS 
4 35 46 28 
5 166 185 93 
6 879 765 364 
7 6 ー 159 3 - 28 7 1 - 525 
8 41 767 15 26 6 - 847 
9 4 - 45 - 490 1 12 331 32 7 






利である。 表1の順に並べた 2進ベクトルを用いると， 縮小図と許容キューブが計算機上簡単に発生
でき， プログラム化が容易である。 又， 占有記憶量もQuine-McCluskey法のようにPI表以外に中間
段階のキューブのための表を必要としないので少くてすむ。
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る。
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A Computer Algorithm for Generating All 
the Prime lmplicants of Logical Functions 
Hideo MATSUDA and Takashi MIYAGOSHI 
In this paper we propose a Karnaugh submap method which determines prime impli -
cants of a logical function by the computer. Reducing a Karnaugh map to smaller one's 
repeatedly, we obtain prime implicants by logical product of the logical function and the 
permissible cube of each submap. 
This algorithm is very efficient because the number of logical product is reduced 
by a few properties. This algorithm finds out all the prime implicants of a given func­
tion in less computing time than a half of the function transformation method which has 
already been reported in the previous number of this bulletin. 
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る個 々の問題については， これまでに多くの研究者によって一定明らかにされてきている。 しかし，
高温・高圧水中における それらについては， 実験装置の複雑さとも関わって現在のところ十分な研究





腐食性環境下における金属材料の破壊 は， 機械的(力学的) 要因と電気化学的要因の両者聞の関わ
りによって決定される。 金属表面に生ずる電気化学的現象は機械的要因との重畳により相乗的効果を
生じ， 金属の強度と破壊に対して重要な影響を及ぽす。 金属材料の疲労破壊寿命に及ぼす負荷応力波














また， 温度190C空気中および水温1200C， 圧力20kg/ 表1 試験片の化学成分










































動時間t c=2.5分一定とし， 応力保持時間t hを
任意に変えた実験を行なった。 腐食液は上水
道水を温度120.C(T/Tm=0.42， Tm は融点) Time 
圧力20kg/cm'に加熱， 加圧して用いた。 なお， 図 4 応力波形
金属材料の変形および破壊 に及ぼす水温の影響を検討するために， 一部40.C(T/Tm=0. 34)， 圧力20
kg/cm'についても実験を行なった。 昇温時間は約 1時間であり， 設定温度に加熱後2時間の恒温保持
後， 実験を開始した。 なお， 腐食液は実i験中交換は行わなかった。 また， 実験中の試験片の変形量は






































N JCSCC / N JCFとーサイクル 所要時間t c + t h の
関係で整理したものである。 また， 図8は同
様に CF の破壊時間t JCFと台形波状繰返しの
それ t JCSCCの比を示したものである。 これら
の図において( )をイ寸した点は SCC であり，
この場合は NJcscc=1 サイクルとして取り扱

























































501- ロ SCCo CF 
� 48ト . fn・Imin
凶 . ↑h �3min 
46� e th .30min 
c fn・80min
44L-���L..LUJ� 
10 10" 10" 





。 σ・45 kg/mm2 
48 
・ 50.5
T・40・C . P-20 kg/cm2 
ロ σ・60時Imm2
10 
tc + th min 















102 103 104 
tc +fh min 
図8 t JCSα/ t fCF-t c + t h線図
←12 -
増加に転じ， t c +t h=102分付近で1よりも大







である。 なお，jは1/ (t c十九)として求めたも
のである。 一般に， Nfとfの聞には
Nj=cjα (c， α は定数) ( 1 ) 
の関係があり， また， これをt fと/の関係で書
換えれば
t j =叫 /f = Cj"-l (2 ) 
である。 したがって， 2 つの特別な場合， すな
わち， クリープ および純粋な疲労は次のように
なる。
(i)クリープの場合 (α=1 ) 
Nj二cf 1 
t j = c J 
(ii)純粋な疲労の場合 (α= 0 )  
Nj= c 1 
t j = cj J 
図より， 120.C空気中の実験ではt j は/に依存
せず， 式(3)の関係を示し， 本実験のように， 極
低速域の応力繰返し実験では応力繰返し速度の
依存性を示き ずクリープ破壊 ， すなわち時間依
存の破壊 を生ずることがわかる。
一方， 40.Cおよび120.C水中の場合には|α|が0-1 の間にあり， 空中の場合と異なり破壊 寿命に応力





120.C水中の実験より得られた全ひずみεと時間 t との関係を図10に示す。 図より明らかなように，
実験初期の段階ではSCC， CFおよび各台形波状応力繰返しにおいて変形量に差違は認められないが，

















cnvh山VAU円 t t 円 U 内正」叶
凋『J叶


























( 3 ) 










( 5 ) 






































ab == ao十(7i + (7， ( 6 ) 
ただし， (7，は降伏応力， σaは塑性変形中の金属
内部に発生する格子欠陥による逆応力， σsは表 1 5 






















影響を与え， 破壊寿命に対する応力繰返し速度依存性を生ずる原因と考えられる。 また， 皮膜補修の
























響き れ， 破壊 寿命に及ぼす水温の影響に対して重要な因子であることが推察される。
3 .4 き裂の発生と形態
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図12 き裂発生時期観察用中断試料の軸方向断面
の顕微鏡写真(倍率X1，00 0Xす)
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って， 高温水中の実験においてもε-t 線図の直線部が しに対応し， 曲線の立ち上がりは割れに有効な
ピットの発生であると推察される。 図13はき裂の誘導期間しとし十九の関係を， また， 図14はt ;/ t f 
とし十t hの関係を示した。 t iはε-t 線図の直線部の時間である。 これらの図より明らかなように， t ι  






かがわれる。 初期き裂はこれら腐食孔の先端部から発生しているが， き裂の拡幅化. 樹枝状の様相を
呈していることがわかる。 図15は各応力波形の実験において破断した試料の長手方向断面で観察され
た特徴的なき裂の形態を示したものである。 いずれの応力波形においてもき裂壁面は腐食により拡幅





験片を用いて， 水温120'C， 圧力20kg/cm2下で、台形波状応力繰返し実験を行ない， 破壊 寿命に及ぼす応
力保持時聞の影響について実験的考察を試みた。 得られた結果をまとめると以下の通りである。
(1)応力保持を含む腐食疲労において， 応力保持時間t hが増加すると破壊 繰返し数は顕著な減少を示













割れの進行が割れ先端のアノード溶解によって支配されているものと考えて， 図 4 に示したt hの応
力保持を含む台形波状応力繰返しに伴うき裂伝播速度の検討を試みた結果を述べる。 いま， 試料の塑
性変形によって生じる一つのすべりステップに注目して， スヂッブの生成と同時に皮膜の補修がはじ
まり， そのための腐食電流密度変化は指数関数的に減少するとすれば， ステッブを生じてから時間 t















i ( t) = 長幻人 e-ßt dt古(1 - e一自)
ただし， 上式においてkム，t= tとおいた。 また， ムt =2ムSI iでひずみ速度2と表面積増加 ムSで与
えられる(1: 電流密度が最大値になるときの時間をt:とし， それ以後新しいすべりステyプの生成がな
ければ皮膜の補修により電流密度は減少し， t→∞でi( t )→0 であるが， t =t:以降は応力腐食によ
る腐食電流密度�scc になるものとする。
i ( t) = iscc = 一定 ( t孟t; ) 
t; とt:の間での電流密度変化は式(8)と同様の方法により次式で与えられる。
i( t)=( i:Iß�t)le酌む e出I ( t;三五t三五t;) (10) 
すべりステッフ。の発生が応力保持と同時に停止するものとすればt: =taであるが， 一般に， 応力 保持
の初期にはすべりステップが発生し， 応力波形に対して時間的遅れを生じて電流密度が最大になるこ
とが考えられる。 そこで図16 に示すように， 時間taにおける電流密度を九十�scc とし， 最大電流密度
を叫ん+iscc)として時間的遅れを表わすパラメータとしてαを導入する。 また，
η= 1 -e-ß'.，ど= ( i， + iscc) I iscc 
とおいて， t:および‘t:は次式で与えられる。
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図16
(12) 1 .  1 t:=� 1 β nl一αη
taをーサイクルとする腐食疲労中にき裂先端のすべり線に沿って溶解する深さI�F は
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ここで， 入 お 』 ぴ…νi- は式(附8紛)より得られる次式で与えられる。 (住t.)
( dl/dt )�F _ t r 1 I 1 f -&_ 1 \ 1 _ (dl/dt)Aげ一 一 旦立盟主λ=可抗J 71 +瓦(e-ßt'-l) J， 11一 市扇「1入(d附CF (19) 
図16に式(日，)-(ゅの数値計算結果の一例を示した。 計算に用いた数値は図中に示す各値である。(α)図
はα=1.0一定として減衰係数βをパラメータとして(dlldt)cscc/ (dl/ dt)CFと(ta + t.)係を， (b )図は
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繰返しのき裂伝播速度がCFのそれよりも大きくなる (ta + t.)の領域があり興味深い。
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Cyclic Stress Corrosion Cracking of Aluminum 
Alloy in High Temperature Water 
Kazuaki SHIOZAW A， Sotomi ISHIHARA， 
Kazyu MIYAO， Hideki HUKUNO， 
In order to discuss the effect of interaction between corrosion fatigue and stress 
corrosion of fracture stren gth of the metal， the experiments on zero to tension low-cy­
cle fatigue with trapezoidal stress waves were conducted with round bar specimens of 
the aluminum alloy 7075- T6 in the water at the high temperature 1200 C and the high 
pressure 20k g/ cm2• The results obtained were summarized as follows : 
(1) It was found that the number of cycles to rupture was decreased by the in crease 
of stress hold time and that， when stress hold time during a stress cycle was short， 
the rupture time remarkably decreased as compared with that of corrosion fatigue. These 
results were affected by the water temperature. 
(2) Number of cycles to rupture and rupture time of the specimen tested in high 
temperature water remarkably depended on cyclic frequency as compared with those 
tested in air. 
(3) It was suggested that the effect of the interaction between stress cycling and 
hold time on crack initiation and fracture life could explain from a consideration of fa­
cility to formation of corrsion product film during stress holding and to plastic deforma­



































①:ポンチ ②:押板 ③:ビレ ット ④:ベア
リンク部凹型ダイス ④ へアリング部平面タイ






















さの測定には Tarysurf Mo del 3を使用した。 また， ベアリング面上の付着物及びベアリング面と
加工材表面との接触界面における元素の移動と分布の測定に.は線分析法が適用できる島津製作 所製
表l ベアリング面の性状
材 処 理 方 法
山
一 帯
由 一 卵 町一一辺
SKD61 く0.1 1. :;: 焼入処理. 硬度HRC52
量化処理 N化 く0.1 0.8 母材SKD61i薗に塩浴室化
WC系超硬工具 Gz く0.1 1.7 
Ti炭化物 TiC く0.1 1.2 母材SKD61 1箇に化学蒸着
V炭化物 VC <0.1 1. 1 母材SKD61面に趨浴浸漬
Cr炭化物 crC く0.1 2.5 同 上
Nb炭化物 NbC く0.1 1.7 向 上一一一一一一一一
EMS-SM 形X線マイクロアナライザを使用した。
表 2 供試試料と押出条件
分 析 成 分 結品 表面粗 ビレ ソトす法
押 出 加 工
材 料 名 熱処理 粒径 きRα (mm) 温度 速 度Mg SI Fe Ti AI (mm) (μm) 押出比 Cc) (m酌18) 
アルミサッシ材 0.52 0.37 0.16 0.01 残
5500C， 5h 1-2 <0.1 断面2




























面， G，面， それに垂直研削したSKD面である。 しかし， 平行研削したベアリング面の場合， 加工材の





















































































































次に， パフ研摩したS KD面のN化処理面で 押出したベアリング面付着物の分析結果は図 7 に示す。
Mgと0，は同一傾向の成分挙動を示し， Feを僅かに含んだAl および、Mgを主成分とした付着物である。
また， この結果は図8に示したパフ研摩したG，面で押出した結果と全く同一傾向を示す。
また， 垂直研削したS KD面にTiC， Cr C， VCおよびNbCを塩浴浸漬したベアリング面で 押出した



































工材表面はAI濃度が低く， Fe およびSi は0，と同じ成分挙動で高くなり， MgはほとんどOに近くなる。
そしてFe およびSi は特性X線像でも明らかなごとしダイ肩隅部からベアリング面寄りに高い濃度で
偏析しながら押出しが進行していることがわかる， なお， 境界都でのFe ， Si が低下しているのは空間
があるためである。
次にSKD面にN化処理した面で押出した加工材の断面分析結果を図11に示す。 表面より約20μm 深
さにおいてはFe およびMgは0，と同じ成分挙動で高くなり， Si が低くなる。 また， 図12はパフ研摩し
たG，面で押出した加工材表面の分析結果である。 Fe はほとんど一定で偏析は認められず， Mgおよび
0，も同一成分挙動で増加し， Si は逆に減少している。 つづいて図13はパフ研摩したTi C面による結果
である。 o Ti C面にはFe は含有されていないが， 加工材のダイ首部からベアリング面にかけてFe が偏






め， 以上の実験結果を表 3 にまとめた。 ベアリン
グ面組成と加工材との親和性が強い場合 (SKD，
Ti C， VC)， パフ研摩面で、はかなりの付着物を生
じるが， 付着物はAI， Fe ， Si を主成分とし， 不安
定で脱落を伴うので， 付着物および加工材の表面
はともにあらい面となる。 しかし， 垂直研削面で










図13 S K D面lこTiCを塩浴浸i責処理した
ベアリング面で押出した加工材の断面分析
も平滑になる。 また， 垂直 表 3 押出加工材の表面生成を支配するベアリング面と加工材の
研削面でも加工材は平滑面 表面特性
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(2)熱間工具鋼(SKD) のN化処理面とWC系超硬(G，) 面で押出した場合， 工具面への付着は少な
し0，と同様な挙動のAl とMgを主成分とする薄膜状の付着となり， 平滑な加工材表面が得られた。
(3)押出方向に垂直研削したG，面とSKD面， また， 垂直研削後塩浴浸j責処理した TiC， CrC および
VC面で押出した場合， Al， Fe， Mgを主成分とした付着物は荷削面の谷部を埋め， 加工材表面は結言
(2)と変らない平滑面が得られた。
(4)パフ研摩したCrC，TiCおよびSKD面で押出した場合， 付着は帯状となって押出方向に成長し，
結言(3 )に劣るあらい面となる。 また， 平行研削した場合， 付着はさらに成長して拡がり， 加工材は中
でも一番あらい面となる。 そして， それぞれの付着物はAl， Fe， Siを主成分とし， 加工材の表面には
FeおよびSiの偏析が著しくなった。
文 献
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Effect of Frictional Surface Structure 
On the Formation of Surface Roughness 
of Products in Hot Extrusion 
Kaz uo MUR OT ANI. Mitsugu TOKIZA W A 
Th e extr us ion tools can be eas ily split alo ng th e tool-m etal interfac e as in th e pr e­
vio us pap er， and also th e bear ing chips set in th e tools ar e designed to be exchangeabl e. 
The eff ects of th e tool surfac e on th e surfac e roughness of extr usion  products ar e ex 
amined， and th e ir ictional mechanisms ar e investigated by electron probe microanal ysis. 
( 1 ) By th e bear ing chips of nitr if ied tool steel (N) and c em ented carbide metal (G，)， 
th e contact mechanism along th e interfac e betw een th e toll and th e m etal is sl ip fr iction， 
and th e bear ing surfac e is co ver ed w ith a dh esion of thin f ilms compos ed ma inly of Al 




( 2 ) By the three buff-pol ished bear ing chips of SKD 61, and with the carbide layers  
of CrC and TiC, the contact mechanism i s  stick fr iction. The adhe s ion grows into a 
band-l ike shape, and afte r its peel ing off, the products surface become s rougher than the 
first result( 1). The main components of adhes ion are Al and Si, and Fe and Si segre­
gate on the products surface. 
(1979if.lOJi31 B��) 
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Cata lyst  Act ivi ty and Se l ec t ivi ty for 
L iquid-Phase Oxidat i on of Sodium Sul­
f ide cata lyzed by var i ous Mater ia l s  
Tohru S AKAI and Nobu ichi  OHI  
Department of Chemical Enginee r ing, Toyama Univers ity, Takaoka, Japan 
The l iqu id-phase oxidat ion of sod ium sul fide cata lyzed by var ious mate r ia l s  such as 
4 su lfur  dyes ,  6 vat dyes ,  Cu S O,, Mn S O,, Co S O,, FeSO. , pyrocatecho l, and sulfate l ignin 
have been s tud ied, and catalyst activity and se lectivity for th i s  oxidation of the emp loyed 
catalysts have been inves tigated. 
Measurement of time-course of concentration of l iqu id compounds was carr ied out 
with a s t i rred vesse l  under ae ration , whi le that of a absorption rate of oxygen was 
pe rfor/m ed in a batchwise operation. 
Oxidation products were Na2 S., Na2 S O, and ma inly Na2 S2 03. At fi r s t, Na2 S., Na2 
S Oa and Na2S203 were formed by oxidat ion of Na2S  s imul taneous ly, and Na2 S203 was 
also formed by the reaction of Na2 S 2 with Na2 S03 subsequently. 
In general ,  catalyst activity of sulfur  dye s was h igher than that of vat dyes ,  and 
that of metal sulfate s such as Mn S O,, Cu S O,, and Co S O, was particularly h igh . Metal 
sulfate s had a h igh se lectivity for the formation of Na2 S2 03. 
A presumption of reaction mechan ism was somewhat de scr ibed. 
1 .  INTRODUCTION 
I) 
The waste water from dye-works and the black l iquor m the d ige s tion of kraft pulp 2) 
process  conta in sodium sul fide which has a toxic ity and a h igh reduc ibl i ty. These  s trongly 
alkal ine so lutions cause  a lower ing of the d i s so lved oxygen in wate r, inc rease in chemi­
cal oxygen demand, evo lution of hydrogen sulfide as the so lution becomes ac idic ,  and 
corros ion of meta ls .  Therefore,  it is prefe rable that sodium sul fide is recovered as so ­
dium th iosulfate, having a h igh addit ional va lue for chemicals ,  produced by the oxidation 
of it or  i s  converted to harmles s  substance s  by the oxidation to prevent wate r pol lution. 3) 
In the previous paper of authors ,  the l iquid-phase oxidation of sodium sulfide with 
oxygen cata lyzed by sulfur  dye Sul fu r  B lack B has been s tudied k inet ical ly on the bas is  
of the characte r is t ics  of  th i s  react ion obta ined exper imental ly. 
In the pre sent paper, we shal l  d iscus s on catalyst activity and se lect ivity for th is 
oxidation reaction catalyzed by some su l fu r  dyes  and redox cata lysts such as metal su l ­
fates . 
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2. EXPERI MENTAL 
Measurement of the rate of oxidat ion with respect to liqu id compounds was carr ied 
out with a s t i rred ve s sel under ae ration, wh ile that of  absorption rate of oxygen was 
per formed in a batchwise operation. Only the outlined exper imental procedure us ing the 
s t i rred ve ssel  under aerat ion will here inafte r be des c r ided. 
The we ighted sod ium sulfide and catalyst*  were charged togethe r with. d is t illed wate r 
m the s t i rred ve s sel under pur i fied nitrogen atmosphere. Afte r the solution tempera­
ture in the ve s sel reached a de s ired level with agitation, oxygen gas was introduced to 
the bottom of reactor through a r ing sparger at the predetermined rate of gas flow. 
Thus ,  the oxidation reaction s tarted. 
Aliquots of  reac t ion solut ion were then withdrawn at regular inte rvals, and zinc car ­
bonate powder as a reaction-s topp ing reagent was immediately added in the sampled solu­
tion to prec ip itate soluble sulfide s .  Sodium sulfide and sulfur  compounds formed by th is  
oxidation were dete rmined by means of iodometry and high-performance liqu id chromato­
graphy. For futhe r details of exper imental procedures and analytical techn iques the pre-
3) 
vwus pape r should be re ffe red to. 
3. RESULTS AND DISCUSSION 
3. 1 T ime-course of  concentrat ion of  l iqu id compounds 
With regard to the l iqu id-phase  oxidat ion of sodium sulfide catalyzed by sulfur dyes  
or metal sulfate s ,  the time-course  of concentrat ion of l iqu id compounds was followed. 
The typ ical representations which illus trate the obta ined results are shown in F igs.  1 to 









Reaction time [min] 
Fig. 1 The course of oxidat ion of sodium su l f ide 
catalyzed by Su l fur Red B rown 6RN 
React i on cond i t i ons ; Na2 S:  0.2 g-mo l /  l, Oxygen 
part ia l  pressure: 1 .0 atm, Su l fur Red Brown 6RN 
(Catalyst): 0.1 g/1, pH in reac t i on solut ion: 
12.88, React i on temp. : 25 • C, Rate of s t i r r ing: 
1 120 rpm, Rate of oxygen gas f low: 1000 ml/min 
' ... 












Reaction time [min] 
60 
Fig. 2 The course of oxidat ion of sodium sul fide 
catalyzed by Vat Bri l l  i an! Blue 4G pdr. 
React ion cond i t i ons are the same as those of  
F ig. 1 .  
*Dye manufactured by Mitsui Toatsu Chemicals Inc. were employed. 
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sod ium sul fite, sodium disul fide , and sod ium th iosu l fate, and sod ium th iosulfate was a l so  
consecutive ly formed by react ion of sod ium sul fite with sod ium d isul fide regardle s s  of 
k inds of catalyst. 
4) 
Although Cu ( II), Co ( II), Mn ( II), and Fe (II) ions are we l l -known catalysts which 
have been employed in the react ion of su l fites with oxygen to form su l fates ,  these  metal 
ions d idn 't almost  promote the oxidation of sod ium sul fite unt i l  a cons iderable dec rease 
m concentrat iqn of sod ium sul fide . 
0. 
0. c 










0. :::::::-tl.-!:::,. - !:::,._ 





30 60 90 
Reaction time [min] 
Fig. 3 The course of ox idat ion of sod ium sul f ide Fig. 4 The course of oxidat ion of sod ium sul f ide 
catalyzed by Threne B lack BBN pdr. 
Reac t i on condi t i ons are the same as those of 
Fig. 1. 
catalyzed by Mn S04 
React i on condi t i ons are the same as those of 
Fig. 1 except concentrat ion of catalyst .  
Concentrat ion of Mn SO• (Catalys t): 7.0X 1Q-5 
g-mo l /  l 
3. 2 Compa r ison of  cha racte r i s t ics of  ca ta lys is  
The characte r i s t ics  of catalys i s  of catalys ts such  as 4 sulfur  dye s ,  6 vat dye s ,  Cu  
S O" Mn S O,, Co S O,, Fe  S O,, pyrocatechol, and su l fate l ign in wi l l  be  cons idered m some 
de ta i l . We take up both catalyst activity and se lect ivity as the character is t ics .  
At  f irst, the results obta ined on catalyst activity are shown in  Tables  1 and 2. In 
gene ral ,  catalyst activity of su l fur  dye s was highe r than that of vat dye s .  Sul fur Br i ­
l l iant Green 4GF and Sulfur Red Brown 6RN which conta ined Cu S O, added in th ionat ion 
Table 1 . Compari son of catalyst ac t ivity of sulfur dye s and vat dyes 
Absorption rate Initial rate of disapperance 
Dye 
l!,{ Sulfur Black 8 � Sulfur Bri
.
lliant Green 4Gf' 
..... Sulfur Red Brown 6RN 
� Vat Brill1ant Blue 4G pdr. 
{ Th<ene "ue BCS pdr. 







olet RR pdr. 
� Threne Yellow GCN pdr. 
Threne Br1lllant P1nk R pdr. 
Threne Blue RSN pdr. 
Reaction conditions 
of oxyqen* 











of sodium sulfide•• 










Na1S:0.2 g-mol/i, Oxygen partial pressure:l.O atm, Dye:O.l gjl, Reaction tem.p.:25 •c, 
pH in reaction solution:l2.88, Rate of stirrinq:l120 rpm, Rate of oxygen gas flow:lOOO ml/min 
• Measurement of absorption rate of oxygen was performed in a batchwise operation. 
•• ·Measurement of this rate was carried out with a stirred vessel under aeration. 
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Tab l e  2. Compar i son of cata lyst  ac t i v i ty of metal  sulfates an:l the other catalysts 

























Reaction conditions are the same as those of Table 1 except concentration of catalyst. 
Concentration of catalyst: 7. OX1 0 .. 4 g-mol/Z. or 7. 0 1(.10-s g-mol/Z. (*mark) 
process ,  and Vat Br i l l iant B lue 4G which conta ined phthalocyan ine B lue ( C32 H16 Cu ) added 
in the same process, had particularly h igh activity. The order of catalytic activity of 
metal su l1fates and the other redox catalysts was obta ined as fo l lows : Mn S O. > Cu S O. > 
Co S O. >  .Pyrocatechol > Sul fur l ign in > Fe S O  •. Particular ly, catalyst activity of Mn S O. 
was extreme ly h igh. 
Next, for these  cata lys ts the ratio of formation of oxidat ion products e s timated on 
the bas i s  of su l fur  amounts were dete rmined at 25, 50, and· 75% convers ion of sod ium 
sulfide to· the oxidat ion products .  The obta ined resu lts are shown in Table 3. It was 
Tab l e  3. Rat i o  of  the oxidat i on products on the bas i s  of  s u l fur amounts  for var i ou s  cata lysts  
at 0 .  25 conversion 
of Na2S 
Sulfur Black B 
Sulfur Brilliant Green 4GF 
Sulfur Red Brown 6RN 





Threne Blue BCS pdr. 39.2 
Threne Black BBN pdr. 32.0 
Threne Brilliant Violet RR pdr. 34.0 
Threne Yellow GCN pdr. 31.2 
Threne Brilliant Pink R pdr. 











































Product ratio [ % ] 
































at 0. 75 conversion 
of Na2S 
16.4 0. 0 83.6 
15.9 21.6 62.5 
19.6 0 .o 80.4 
19.6 0. 5 79.9 
found that p roduct ratios were about 55 to 85% for sodium th iosulfate , about 10 to 35% 
for sod ium su lfite, and about 0 to 25% for sod ium disulfide, re spective ly, without regard 
to k inds of catalyst. The chief product was therefore sodium thiosu l fate, and the y ie ld 
of sodium th iosu l fate inc reased with an inc rease in convers ion of sod ium sul fide. 
The fo l lowing features  of _the se lect ivity for th is  oxidation were a lso  proved. Su l fur  
dyes were super ior  to  the formation of sod ium disulfide than the other catalysts ,  vat 
dyes were exce llent in the formation of sod ium sul fite than that of sodium disulf ide, and 
metal su l fates had a h igh se lect ivity for the formation of sodium thiosulfate. 
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3. 3 Presumption of  reaction mechan ism 
In  gene ral ,  su l fur  dye s have the s tructure of polysulf ide s toge the r with the fundamen­
tal r ing structure made up of th iazole r ing or  th iaz ine r ing which acts as a chromophore.  
It seems that as shown in Eqs .  ( 1 ) and ( 2 )  
-s-s- -SH HS-
-NH -0-0H 
( 1 )  
(2 ) 
po lysulfide s and the part of indopheno l in the fundamental r ing s tructure wou ld partic i ­
pate in a oxidat ion - reduction react ion. 
Whereas vat dye s have a qu inon type r ing and the part of catalys is  of the dye s may 
be repre sented by a oxidation- reduct ion react ion as shown in Eq. ( 3 ) . 
0 Red, 
0= "'0 � Oxd 
Ho-Q -oH ( 3 ) 
Sodium sulfide is oxidized by the dye s and metal wns to form oxidat ion products, 
and the dye s and me tal ions reduced at that time are reoxid ized by oxygen to produce 
the ir ' s or ig inal forms. 3) 
On the bas is  of the k inetic s tudy reported in the previous paper, it could a lso  presu -
med that th is  react ion has a comp lex react ion mechan ism invo lving a cha in reaction s tep. 
4. CONCLUS ION 
With regard to the l iqu id- phase oxidation of sod ium sul fide catalyzed by varwus 
materia l s  such as sulfur dye s ,  vat dye s ,  me tal su l fates ,  and the othe r redox catalysts ,  
the characte r is t ics  of catalys is of the employed catalysts were cons ide red. 
The obta ined informations we re as fo l lows . 
(1 ) In gene ral ,  catalyst activity of su l fur  dye s was h ighe r than that of vat dyes.  
(2 ) Catalyst activity of meta l su l fate s such as Mn S O,, Cu S O,, and Co S O, was particul ­
arly h igh. 
( 3 ) Metal su l fate s had a high se lectivity for the formation of sodium th iosu l fate. 
References 
1 ) Maeda, Y., Y. Nishiumi and K. Ich ikawa ; Kogyo Yosu i, 1967, No. 106, 60. 
2) Bi lbe rg, E.  and P. Landamark ; No rsk Skog ind. , 15, 221 ( 1961 ) 
3 ) Ohi, N ;  " Showa 53 nendo Kagaku Kenkyuh i Hojok in (Ippan Kenkyu(B) ) No. 247089 
Kenkyu S e ika Hokokusho ·; p. 40 ( 1979 ) 
4 ) Urano, K. and Y. Nakamich i ;  N ippon Kagaku Ka ish i, 1978, No. 1 ,  53 .  
( A part of th is  paper was pre sented at the 13th Autumn Meeting of The Soc.  of Chern. 
Engrs . ,  Japan, at Nagoya, Oct. ,  1979 ) 
( Rece ived October 25 ,  1 979 ) 
- 32 -
Abstract 
A De l oca l ized Mode l for  the Exc i tat i ons of 
Conjugated Cha ins Mo l ecul es 
S hoji ICHIMURA 
Department of Electronics ,  Faculty of Engineering 
A phenomenological analy s i s  of the po lyene optical exc itation spectra is presented. 
The succe s s ive absorption bands are interpreted in terms of odd and even exc iton leve l s .  
An  extrapolation of the experimental data on  the who le polyene serie s g ives the exc iton 
leve ls  of an infin ite cha in, and the energy gap between the f i l led bonding band and the 
empty antibonding band. The dependence of the absorption frequenc ies on the length of 
the cha in a l lows for a calcu lation of the e ffective mas .se s  for these  bands ;  they turn out 
to be sma l l, which imp l i e s  that the degree of a lternation between the s imple and double 
bond i s  weak. 
Introduct ion. 
In conjugated cha ins of carbon atoms, such as  l inear po lyene s - ( C H = C H). - ,  
each carbon atom i s  bonded to three ne ighbours by sp' orb ita ls  which l ie  in a p lane, the 
rema in ing valence e lectron occupying a p. orb ital perpendicular to th is  p lane. The over­
lap of the p. orb ita ls  resu lts in an extra bond ing energy(con jugated double bonds): depend­
ing from the geometry of the atom core s ,  these  e lectrons may be  cons idered e ither as 
occupying by pa irs the bonding states .  of  succe s s ive double bonds,  or as de local ized over 
(I) 
the who le mo lecule . 
Many discuss ions have a lready taken place,  concerning whether the optical exc ita­
tions of l inear po lyenes are better described in the framework of the molecu lar orb ital 
theory-trans itions between de local ized rr state s or by a "mo lecules  in the mo lecule" 
mode l-trans fer of  an e lectron from a local ized orb ital to another local ized(exc ited)or­
bital .  Theoretical ly, when treated without approximations ,  both de scriptions are exactly 
the same, provided that the se  local ized functions be Fourier trans forms of the mo lecular 
(2) 
orb ita ls ; as a matter of fact, as commonly used, a local ized mode l imp l ie s  a strong a l -
ternation of s imple and double bonds,  whereas de local ization takes p lace when the bonds 
nearly equal ize . 
The "mo lecules in the molecule'' mode l has been first treated when only a few char­
ge trans fer state s are invo lved : S impsori31de scribed a po lyene cha in as interacting double (4) 
bonds,  and more recently Merz, Straub and He i lbronner (M S H) . have inc luded trans fer 
of an e l ectron from a double bond to its ne ighbours ; they obta ined a rather good agree ­
ment with the experimental resu lts ,  which we sha l l  further d iscuss .  
- 33 -
Bulletin of Faculty of Engineering Toyama University 1 980 
On the o the r hand, MO theory a l lows fo r a deepe r unde r s tand ing of the ava i lable s ta-
tsl 
te s .  By that me thod, Longue t-H igg ins and Sa lem have shown why an infin i te polyene 
po lyene shou ld remain a l te rnate ,  but the degree o f  a l te rnation they ca lcu lated i s  not ve ry 
s t rong [;5',/ ;5',- 0.89 J. So one can expect  that in long polyene chains e le c trons are  part ly 
de loca l i zed and that long range tran s fe r  exc itat ion s  can take p lace .  For  a f in i te cha in, (61 
MO mode l has been fu l ly treated by Suzuki  and M izuhash i  and they succeeded ve ry s t r i-
k ingly in a s s ign ing the f i r s t  absorpt ion peak, for the who le  s e r ie s  of caroteno ids of d i ffe ­
rent l engths ,  to a trans i t i on from the h ighe s t  occup ied mo lecu lar  o rb i t a l  to the lowe s t  
empty one. 
Howeve r ,  such an approach appears  as  over s imp l i f ied because  the Coulomb inte rac ­
t ion be t\\een rr e lec trons i s  complete ly  neglected. F i r s t, th i s  inte r ac t ion shou ld be inc lu ­
ded in the ca lcu lat ion of the molecu lar  o rb ital energ i e s ,  and th i s  i s  why the "re sonance 
integrals"  phenomeno log i ca l ly dete rmined by Suzuki  and M i zuhash i  ( 4 . 28 and 3.23 eV ) 
d i ffe r s o  much from the resonance integral  o f  benz ine ( - 2.39  eV ) .  Secondly one expe ­
cts  a m ix ing of the exc i ted configu rat ions .  
The occur rence of  such a mixing may be proved on an expe r imental bas i s .  As one 
cons ide r s  polyene s of  inc reas ing length, the ene rg i e s  o f  e i the r occup ied or empty M O's 
get c lo s e r  and c lo s e r, so  that , in  Suzuk i's mode l ,  the ene rgy d i ffe rence between the s u ­
cce s s ive absorpt ion peaks shou ld tend to ze ro.  
It mus t  be not iced that the same conve rgence i s  expected from a "mo lecu le s  in the 
mo lecu le" mode l invo lv ing a f in i te numbe r of  charge trans fe r  s tate s .  For ins tance ,  M SH 
deve loped the exc ited s ta te s ove r loca l i zed exc i tat ions i\, ( an e le c tron jumps from the n'h 
bond ing o rb i ta l  to the n'h ant ibond ing orb i ta l ) and ove r resonance charge tran s fe r  R:+• 
( an e lec tron i s  tran s fe rred from the n'h bond ing to the ( n+1 ) 'h ant ibond ing orb i ta l  and, 
wi th the same phase ,  anothe r from the ( n+1 ) 'h bond ing one to the n'• ant ibond ing one ) :  
fo r the j'" exc i ted s tate the wave funct ion may b e  wr i tten as  
- )"7T whe re k1 - N+l 
The re lated exc i tat ion ene rgy may be wr i tten, for large N, as  
k, A Ej, = Ero + a } = Ew + ( N + 1 ) '  
( 1 )  
( 2 )  
Even if  one inc lude s long range (}) dipo lar  inte ract ions be tween the loca l i zed exc i ta-(7) 
1 t ions i\, a f ur the r te rm i s  obta ined, propor t ional  to k' log k' but E{; s t i l l  conve rge s fo r 
s ma l l  k towards the same Ew whateve r j : 
E ( k )  - E ( 0 )  + k' [A + B Log � ] 
As we sha l l  fur the r show , a p lot  of the expe r imental abso rption ene rg ie s ve rsus  
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( N� 1 ) ' makes c lear that, for an infinite polyene , the succes s ive lowest absorption 
peaks have a f inite spac ing. 
Phys ica l ly, this prove s the occurrence of a m1xmg of configurations ;  the same s i tua-
czl 
tion occurs in a semiconductor with a smal l  energy gap ; the exc itation from the ( f i l l ed) 
valence band to the (empty) conduct ion band resu l ts then in creating an e lectron and a 
ho le characte r i zed by the i r  band e ffect ive masses ,  and bonded together by a Coulomb in-
2 
te raction �. where c accounts for the e ffects of polar ization of the med ium. Such hy ­cr 
drogen- l ike leve l s  have been we l l  obse rved in Cu,O.  
If one s tarts from a "molecules in the mo lecule " po int of view, a s imi lar result  is  
obta ined when a l l  the charge transfe r  s tates are inc luded: the exc i tations of a one - d.ime n­(8) 
s ional mo lecular c rys tal have been s tud ied in such a way by Merr i f ie ld, and proved to 
be a succe s s ion of d i scre te bound s tate s converging to the lower edge of a band of free 
(9) 
state s ;  Pople and Walms ley a lso  treated more prec i s e ly the case of a cyc l ic po lyene , 
but they had to resort  to compute r techn ique in order to so lve comp letely the problem of  
of a 26  double bonds cyc l ic  mo lecule .  
As a matte r of fact, the re lation be tween local ized and de local ized orbitals has been 
001 
po inted out by Wann ier . For the ser i e s  of po lyene s (caroteno ids )  of finite length, Wan-
nier ' s approach appears  to be the most  conven ient.: A f irst  problem is  that the se polyen­
e s  are expected to be only weakly a l ternated: a mo lecular c rystal  mode l  i s  not appro 
pr iate, unle s s  it shou ld be pos s ible to de fine the so- cal led "Wann ie rOoca l ized) func t ions � 
The second d i ff iculty ar i ses  from the finite characte r  of the chains ; for long enough 
cha ins, an approximate Wann ier mode l a l lows for the separation of the re lative motion 
of the e lectron and the ho le from the ir  trans lational motion; we sha l l  see that the only 
trans lational motion i s  sens it ive to the number o f  double bonds,  the finite va lue of wh ich 
results in a non- zero impu ls ion for the cente r of mas s .  By compar ison with the exper i­
mental results ,  it is then pos s ib le to de te rmine some phenomeno logical  parameters  (ener­
,gy gap, e ffect ive mas s ) , which rema in to be accounted for theoret ical ly. 
Wann ier excitons in a cycl ic cha in. 
We recal l  he re how Wannier ' s theory may be appl ied to the case of a cyc l ic N-dou­
ble bonds po lyene (F ig. 1). 
Number ing of double bonds 0 1 "P 
---�---� 
-1 0 1 J, J.p-1 �p Number ing of atoms 
F ig. 1 
The mo lecular orbita l s  may always be written from the atomic p , functions as 
1 cf;. = 11\f L; e ' .. 
q 
-<•(•) <•(•) 
e -, - x, ._, + c-, - x •• 
12 
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k=�X N+1 N - --2 or 
N 
2 '  
. . .  - 1 ,  0, 1 N - 1 2 
N or 2 . 
(he re q numbe rs the double bonds ; for even N the f irst  and last  k- s tate s  are m fact the 
same one, so that in any case the re are N a l lowed k- s tate s in an ene rgy band) . 
If it i s  pos s ible to approximate the Hami l tonian H by some Hartree Hami l tonian H ,  
de scr ib ing the k inetic ene rgy, the core  potential and the mean effect of the Coulomb repu­
l s ion among e lectrons, such that 
< x,, 
< x,, I H, l  X,,_, > = /3, = t /3, (/3, < 0 ) 
0 � t � 1 
(11) 
then the wave functions and ene rgies  are characte r i zed by: 
e ,.
"·'
( k ) = ± / 1 + t'e 
.. 
V 1 + t'e .. 
a, b I ' 1 
[ 
( k ) = ± /3, v t + t' + 2 cos k 
( 4) 
( 5) 
where a, - , and b, + ,  s tand re spective ly for the antibond ing and bond ing s tate s .  
The W ann ier func tion of an  ene rgy band m i s  then de fined a s  
W ';( r ) = k t e -••• <j;�(rl 
< w; I w: > = Opq Dmn 
w;+, ( r ) = w; ( r - s l) 
( 6. a) 
( 6 . b) 
( 6. c ) 
where W ., W ,, e tc ·····are cente red on the p th, q th ·····un i t  ce l l s  of length l ( � 2.42 A) 
which wi l l  be taken as the unit of length; one a lso  has the inve rse re lation 
</;= ( r) = k � e ikP w; ( r) ( 6 . d )  
p 
In a po lyene, if the a l te rnation 1s so s trong as ;: � 0, then a' � 0, a" � rr, and the 
w'· a, s are near ly the bonding and antibond ing orbita l s  of an i so lated doub le bond. 
On the othe r hand, when /3, = /3., a " ( k) = �, a ' ( k) k rr + Z' and the W ann ier func -
tions extend ove r seve ral double bonds : 
W "'' ( r )= � ( - 1 )
" { Xz(p+ q'-'--)---"'----- ± xz(p+q> } q 2 ( 2N+1 )s in 2N� 1 ( q - ! ) ( 2N + 1 )s in 2N� 1 ( q + ! ) 
within the phase fac tor ( - i) for the antibond ing Wannier  Function. 
(7) 
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This  s low decrease i l lus trate s the fact that , when /3, = (3, the re i s  a complete e -
quivalency between the "double" and "s ingle'' bonds . WhP-n there i s  no such amb igu ity, 
ll2) 
Kohn has shown that it i s  pos s ible to choose the phases  of the B loch functions ¢. ( r )  and the 
centre of the un it ce l l  so  that the Wann ie r functions are real ,  symmetr ic or  ant isymmet­
r ic, and fa l l  off exponential ly with great r ' s ,  th is  cho ice is unique, and no othe r cho ice 
g ives a more rap id decrease .  For l inear po lyene s within Hiickel  approximat ion, the de -
crement of the exponential fal l  off over success ive un it ce l l s  i s  Log �:, as  a matter of 
fact, the coe fficients for the deve lopment of w; ( r )  ove r  x,p+q and x,1p+,1 -1 may be expl icitly 
l l d b . • . h l k l (13) h d l"k -a ( /3, )-q • h ca cu ate y an mtegratwn m t e comp ex - p ane : t ey ecrease 1 e q /3, , w1t 
3 5 a = 4 for even atoms and 4 for add atoms ( q  > 0 ) .  As it was expected from equa -
t ion ( 7 ) ,  when even the alte rnance is weak the Wann ier  functions extend over a smal l 
number of double bonds .  
The excitations may be de scr ibed e ithe r as I w:--� w:+, > or  as I¢:� ¢:+. >, where 
I¢.� ¢. > descr ibes the ant isymmetr ized e lectron s tate for all 2N- e lectrons when one 
e lectron has been transfe rred from the orb ital ¢. to ¢.. One can then take as a bas is  
the "W annie r- representation" 
I K, s > = N-
1/Z 1.; e'kP lw· s � 
so that 
p p-, 
w· s > p+-2 
< s K I H Is ' K' > = a . . . H"' ( K )  
The e igenfunctions for the exciton have the general form : 
I K, i > = 1.; U, ( s )  I K, s > 
s 
and the e igenvalue s : 
E, ( K )  = E, ( 0 )  + _L K' 2M, 
( 8. a )  
( 8. b )  
(9 ) 
( 10 ) 
( 1 1 ) 
So  it i s  pos s ible to separate a proper excitat ion energy E, ( 0 ) ,  from its k ine tic ene ­
rgy for the trans lation of the excitation over the cha in, which is characte r ized by an 
e ffective mas s  M, . 
(3) 
In S impson' s mode l one only cons ider s  the s = 0 excitation. For the general case ,  
W ann ie f0 1 d i s t ingu ished, in  the Hamiltonian, the te rms which act separate ly on the e l ectron 
and on the ho le ,  H, from those  which come from the ir  Coulomb inte raction, H,. 
Us ing equation ( 8. a ) : 
e"<p-p' I X 
w·. s ( 1 ) w· s ( 2 ) d r, d r, p -z p'+z 
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+ J w: __ , ( 1 )  w:+_, ( 2 )  � w· +"- ( 1 )  w"_,._ ( 2 )  dr,dr, } 2 2 12 P 2 P 2 
If the over lap of different W annier functions is small, only the pure Coulomb attra­
ction term remains and 
2 
which is very close to ts I when s is larger than some units (but still much smaller than 
N if one considers the case of a real cyclic polyene): 
' < K, s 1 H, 1 K' s' > - a" , a, , 1: 1 ( 1 2 )  
Using (8. b) and the properties of H., 
< K, s I H. I K' s' > = 0N* t e'*1,_,J lc" (K + ; )  -c" ( K- ; ) ( 13 ) 
so that, after a simple manipulation involving the Fourier transform of U, (s), one obta­
ms the W annier equation for u; ( s) = e- '*'1' U, ( s): 
H. u; ( s) - [ c" (- i v, + ; ) - c. (- i v, - ; ) ) u; ( s) ( 14 ) 
if, u; ( s) varying smoothly enough, s may be taken as a continuous variable. 
Near the extrema of the bands 
E• (k) C0 ( k.) 2m. (k k.)
2 
a -1)' E ( k) = c0 ( kJ + -2 - ( k - kJ' ( 1 5 ) rna 
c0 (kJ - c0 (k.) = Ec 
A further transformation is necessary if m. differs from m., and ka, k. from zero: let 
us define 
V, (s) ( 16 ) 
The Wannier equation becomes then the effective mass equation for the motion of an 




2 rna+ m. 
(15) 
11 '• ( 1 1 ) d 2 e' J - 2 rna+ m. ds' - j;l V, (s) = (E,- Ec) V, (s) ( 17 ) 
*Izuyama , starting from a many-body point of view, has justified the effective mass equation 
for an exciton in an infinite polyene. It must however be noticed that the gap he calculated 
includes only the effect of the core potential. If one includes the Coulomb repulsion between 
IT-electrons, the shape of the bonding and anti-bonding bands is strongly modified, and the 
gap may no longer be expressed as a function of the only (3, and /32 parameters. 
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In the approximation of long range transfer excitations, the translational effective mass 
is the same for all excitations and the relative motion of the electron and the hole (s 
coordinate) resembles a one-dimensional hydrogen atom*. 
The preceding treatment resembles MO calculations including configuration interac­
tion. However one must be aware that, in MOCI, the transitions involve Hiickel orbitals 
and the whole Coulomb interaction is calculated for each transition. Here the eigenfunc­
tions ¢. (r) are assumed to be the appropriate ones for an added electron or added "hole" 
when a transition takes place between such states, the only Coulomb terms which have 
not yet been taken into account appear as a Coulomb attraction between an electron and 
a positive "hole''. 
The case of  a f in ite cha in. 
1 )  The d if f icu lties encountered. 
An obvious attempt consists in locking for the molecular orbitals for a finite chain, 
and in defiring a Fourier transformation leading to suitable localized functions, these 
localized "Wannier functions" can be taken as a basis for the excitations and, making 
use of the Fourier transformtions, one tries to establish the effective mass equation by 
the previous method. 
This method is rather inconvenient for two reasons: (6) 
1. Starting from the most satisfying orbitals (Suzuki and Mizuhashi) it is not possible 
to define Wannier functions which satisfy transformation rules similar to equations (6);  
with other boundary conditions, the mathematical procedure gets better, but a part of the 
physical meaning is lost (for example, one defines only N - 1 W annier functions for a N 
double bonds polyens) 
2 .  Within the assumption that W annier transformation rules ( 6) may be used, effective 
mass equations can be established by Wannier's method only in the limit that the size 
of the exciton may be neglected in comparison with the length of the polyene; an experi­
mental test of such a theory does not allow for any direct information on the size of the 
exciton. 
We suggest here an alternative procedure: we assume that the W annier functions_ 
which are calculated for a given alternating cyclic polyene may be used for the corres­
ponding finite polyene, except near the ends this allows for the including of some varia­
tion in the alternance from the end of the chain (where the first bonds are strongly al­
ternated) to the middle of the chain (where the alternance may be weaker). We assume 
that the extent of this perturbed region is much smaller than the whole chain length. 
The main property of these localized functions is that the Hamiltonian only mixes 
together either the hole Wannier functions or the electron Wannier functions, g1vmg rise 
respectively to the bonding and antibonding orbitals. Taking them as a basis for the 
excitations one gets an effective mass equation where end effects are included. 
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2) The def in ition o f  the mo lecular orb ita ls. 
Let lm, b > be the state of the ionized molecule when an electron is lacking on the 
Wannier state w:, In, a > the state of the molecule when an electron has been added 
on the W annier function w:. The eigenstates for an added hole or an added electron 
may be written in the form 
lk, b > 
lk, a >  
L; u; lp, b > 
p 
L; v: In, a > 
n 
Far from the ends of the chain, the secular equations are·: 
c • ( k ) u· = -E. u• - '\' ____&____ ( ' + ' ) 
� P 2 P p''S, 0 2 
Up+p' Up-p' 




( 18. b) 
E. is the energy of a localized excitation. The fJ' s are now transfer integrals rela­
ted to the overlap of the Wannier functions; the signs have been written so that the fl: s 
are negative. 
Closer to the end of the chain, the /3' s become p- and n- dependent, and there 
appears a further diagonal term (the energy of a localized excitation is no more necess­
ally E.): 
/ (k) u: (-�· + c:: ) u; -
p'�O � [fl;. Up+p + /3!-. Up-p ] 
c:" (k) v: = (�· + c:: ) 
We look for stationary solutions: 
u; = A s in k ( p + D.N: ) 
v: = B sin k ( n + D.N: ) 
One gets 
c;''" (k) = + Eo+ L; fJ�,a COS k 
- 2 -m>O 
m 





+ • - U N+l-p 
so that k and D.N. are related by 
k (N+ 1 + 2 D.N. ) = m. rr, m. integer 
( 19. a) 




The quantization of k (or the value of D.N. ) is determined by the boundary conditions 
(19), expression (20) being retained for the largest p' s or n' s which into equations (19). 
For instance, when flm = 0 for m =F 1, we have to use equation ( 19) only for p = 1. 
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The resulting equation 
c (k) u: = /3u: 
is equivalent to the condition u, ( = uN+l) = 0, so that 
m7T k = N + 1 , 6N. = 0 
If one includes next-nearest neighbour transfer integrals, without changing their 
value near the end, one gets 
c: (k) u,- (3, u,- (3,u, = 0 
- (3, u, + c:(k) u, - (3, u,- (3, u, = 0 
Using equation ( 20. a) for u,, u,, u,, one determines k and 6N., So each k-state is chara­
cterized by an "effective number of double bonds" N = N + 26N. 
The energy bands ( 20. b) may be ·deve lopped near their extrema at k = 7T: the ener­
gy gap and the effective masses are given by: 
E G = E, - � ( - 1  r ( /3: + 11. ) ( 22. a) 
m 
( 22. b) 
3) "Wann ier excitons" for a f in ite cha in. 
Let us denote again by I w; - w: > the antisymmetrized electron state when one 
electron has been transfered from w; orbital to w: orbital. We look for solutions 
I ¢ > = � c. " I w; - w: > 
p, n 
where the c." s satisfy 
Ecpn = E, Cpn + � 
1 [!3 ;p' + !3:-p' Cp-p; n ] 2 C p+p: n p 
+ 
� 
1 [ f3:n' Cp,n+n' + /3:-n' Cp,n-n' ] 2 n ( 23) 
+ Opn � D., C, + U pn Cpn 
p 
Here, in addition to the respective energies of an added electron and an added hole, 
one takes into account: a) a dipolar interaction between localized excitations (for p =/= n 
the (W; - w:) dipolar term cancels the (W: - w:) dipolar term; b) a Coulomb interac-
, 
tion u." which is very close to - I 
e 
I when lp-nl is large, p-n 
Far from the ends /3p.q = /3p. -, = (3, 
We look for stationary solutions describing an electrn-holo pair moving along the 
chain with a wave-vector k; the successive bound states are labeled by an i-index: 
( 24) 
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It may be noticed at once that, as the s tate l k, i > i s  the same as I � k, i > , the 
correspond ing ene rgy must  be even with respect to k :  for smal l  k' s it sat i s fies  equat ion 
( 1 1 ) :  
E, ( k )  = E. ( 0 )  + ;�, k ' 
The trans fe r  te rms may be written 
and the secular equat ion wi l l  be g iven a very s imp le form if  a. and aa may be choosen·  
m such a manner that the second L vanishes .  
q 
We are mostly inte re s ted in l ong range exc i tat ions :  we sha l l  neglect the d ipolar in­
te ract ions : we sha l l  as sume a l so  that the range of the !3: s is smal l er  than the range of 
the transfe r exc itat ions : for the large st  Ym±" q <: m, for the se exc itat ions ,  as we sha l l  
furthe r see ,  the quantity y:, defined by ( � 1 r Ym, has a smooth m-dependence, s o  that 
+ ( 1 ) '  d r: Ym+q - Ym � q dm 
If we futhe r re s tr ict ourse lve s to l ong wave length exc itat i ons ( k - 0 ) ,  the second L 
van ishes  if q 
q q 
or 
a. and aa ( and K) are on ly de fined within an arbitrary mult ipl icative fac tor but the ir  
phys ical s ignif icat ion be tte r appears if a .  and aa are equal to 1 when m. = rna; s o  we de ­
fine 
2m. a. = -="'--rna + m. ' 
The secular equat ion ( 23 ) may then be written as 
E' ( k )  y,'-p = E, y,'-p 
( 25 ) 
( 26 ) 
Let us trans form al l  the d isc rete var iables  into cont inuous ones ,  and suppose  that q 
may run to infin ity, wh ich is just i f ied if the range of the 13; 
a 
is smal l .  Then equat ion 
( 20. b )  bec ome s 
t:6'" ( k )  ± (�o + 100/36 " ( q )  COS kq dq) 
± � (E, + 100= (3,'·" e ik' dq) ( 27 )  
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and equation (26) gives: 
E' (k) y' (x) = E. y' (x) + 1= [11• (q) cos K�.g + J1" (q) cos K�aq ] y' (x-q) dq 
+ U(x) i (x) 
E. y' (x) + � 1: [11• (q) e-"?-' + J1" (q) e-"?-' J y' (x-q) dq 
+ U(x) y' (x) 
The integral may be written as a convolution product: 
f (x) = I: g(q) i (x - q) dq 
Let us define the Fourier transformation by 
f (q) = J: F(k) e -••• dk 
F ( k ) = 1_ J = f ( q) e... dq 27T -= 
Let G(k), r' (k) be the Fourier transforms of g (q), y' (q), then 
F(k) = 27T G(k) r(k) 
But, according to ( 27) 
G(k) = 2
1
7T[-E.+t [-c• [k- azK J + c" [ k - a2K ]JJ 
(28) 
Near the extrema of the bands we may develop c (k) in powers of ok, using equations (15) 
and (22): 
G( 1r- ok) = -1-[Ec-E. + �' (1_ + 1_) ok' 27T 2 rna m. 
+ 11' (___i__ .. + __i__) k' ] 2 4ma 4m. (29) 
For the inverse Fourier formation of F(k) we are allowed to use this development 
of G(k) if r' (k) is large only for k - 1r: this means that the Fourier components of 
y'' ( m) (equal to ( -1 r y' ( m)) are concentrated near k = 0, or that y' i ( m) has a smoo­
th m-dependence. Then, using the definitions ( 25) of aa and a., the effective mass equa­
tion is readily obtained for y'' (x): 
E' (k) y'' (x) = [Ec + 2(�'�m.)J y'' (x) + [� (� + �.) (-v)' U (x)] r'' (x) ( 30 )  
We have again separated a kinetic energy for the translation of the centre of mass 
from an energy for the relative motion of the electron and the hole. This treatment lies 
on two approximations: a) the mean size of the exciton is large enough for a continuity 
approximation to be allowed (then the Schrodinger equation for the relative motion is 
that of an one-dimensional hydrogen atom): b) this size is sufficiently small for end effe­
cts to be neglected in the matrix elements which characterize the motion of the exciton 
in the middle of the chain. 
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4) End effects. 
S o  far we have not prec ised the a l lowed K -value s: they are de te rmined by the boun­
dary cond i t ions. 
The problem i s  e spec ia l ly easy to solve when only l oca l i zed exc itat i ons and neare st 
ne ighbour tran sfe rs  take p lace, and when only short range interact ions are c onside red 
( M S H approximat i ons) . W ith the se exc i tat i ons taken as a basis, the e igenfunc t ions are 
g iven by equat ion ( 1'  ) : 
N i i '\' 
t/1. = a . LJ 
p = 1 
N - 1 
sin k ( p +  6N ) A,+ b: L 
p = 1 
whe re i can denote only two state s. 
Owing to the symmetry of the chain 
K mrr N + 26N + 1 
sin k (  + 6N + _l_) R'+' p 2 p ( 1 '  ) 
( 31 ) 
Project ing the secular equat i on on A, ( p  � 1, N )  and R:+' give s the energy E' ( K )  and 
the rat i o  a/b as a func t ion of K ;  project ing on the end exc i tat ions A , ( or AN) g ive s a 
relati on be tween K and 6N : 
Er-'i ' ( K )  sin 3: + ((E - E' ( K)) sin K + D sin 2K tg K 6N = - _--=--:.--=(J=c-, --'-='----------'3=-K-----,---------
Er-E'( K )  cos -2- + ((E- E ( K)) cos K + D cos 2K 
( 32 ) 
whe re (J stands for (3, and D for D "· "+1 6N tends asymptotical ly to a k-independent l imit 
for smal l  K 's ( l ong polyene s) ; th i s  is an alte rnat ive treatment of end e ffects to M S H ' s  
perturbat ion method. I f  one inc lude s l ong range dipolar inte rac t ion be tween A;s, only 
the de fin i t ion of 6N is  modified. 
More gene ral ly, the expre ssion ( 24 ) for c �"' only holds when p and n are suffic iently 
far from the ends. When the matr ix e lements (J and U which appear in equat ion ( 23 ) 
get n -and p -dependent, the system of equat ions for c ;·"' may bec ome very intr icate but 
in any case the ir  matching with equati on ( 24 ) de te rmine s K. 
The problem of an one-d imens iona l  hyd rogen atom. 
In the centre of mass coordinate, the re lative mot ion is de scr ibed by the Schrod inge r 
equati on 
1) Odd exci ted wave function.  
For the three d imensional hydrogen atom, one writes :  
t/Jn,. Ci) = Y,. ( e, ¢) U", ( r )  
whe re unl ( r )  sat isfie s 
-n' - --
2m 
d' Unt + d r' 
r 
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This  equation reduces to equat ion ( 33 ) for l = 0. S o  a set  of so lutions for the one-di ­
mens ional case  i s  given by u •• ( r ) .  
Let us  recal l  the we l l  known method used to so lve this  equation: one se ts 
u(r ) = y e-"12 v(y ) ( 35 ) 
h "h , - 2mE w ere y = 2xr, w1t  x = � 
Then v(y ) sati s f ies  the differentia l  equation 
y v" + ( 2- y )  v' - ( 1 - v ) v = 0 
with v 1 me2 ----;;7 
This  i s  a confluent hypergeome tric equation of the type 
y v" + ( c - y )  v' - ay = 0 
It generally has two so lutions 
vOI(y ) = 1 + � .)'_ + .. . . . .  + a(a+1 ) ······(a+p- 1 )  .i_ + . . . . . .  c 1 I c(c+1 )······(c+p - 1 )  PI 
= ,F, (a: c: y )  
v121(y ) = y'-c ,F , (1+a - c; 2 - c; y )  
( 36 )  
( 37 ) 
The e igenfunctions mus t  be finite at the origin and tend to zero when y tends to 
infinity. 
In the three -dimens ional case , as the radial part of rp(r ) is proportional to a-"12v(y ) ,  
only v01(y ) may be re tained; then for great y v01(y ) increases  l ike e y  y-lv+II , unles s  its 
s erie s expans ion i s  s topped at the order n by taking v = n + 1. S o  one obta ins the 
Rydberg series 
1 me' E. = - ----. � n /n 
The corresponding wave functions, in the, one -dimens ional, case ,  are u(x ) = y e -.12 v(y ) ,  
where y = 2kx ; they a l l  vanish at the origin. By integrating the Schrooinger equation 
over a sma l l  interval including the origin, one may see that �: mus t  be continuous,  so 
that the Rydberg series furnishes only the odd so lutions, the nth funct ion having 2n - 1  
nodes .  
2) Even so lutions. 
They are not given by v121(y ) ,  wh ich IS not de fined when c IS an integer. However 
it is easy to show that 
(2 - c )  v121(y ) - (1 + a - c )  v01(y ) 
c----> 2 
and an independent so lution i s  of the form 
101_ 1. (2 - c )  v�1(Y ) + v v01(y ) v v- liD 2 c----> 2 - c 
The class ical procedure cons ists  in defin ing1 the Whittaker functions1171 which are two 
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proper l inear c ombinat ions of the funct ions u 1 1 1 ( y )  and u 121 ( y )  re lated by ( 35 ) to v111 ( y )  
and v121 ( y  ) .  The regu lar s olut ion is in fact u 1 1 1  ( y  ) ;  the s e r ie s  expans i on of the s ingu l ­
ar one may be calculated : 
w, ( y )  = e -y;z { 1 - v � a/11yp+' [Log y + 2 y  
_ _I'_hl _2 £ _1_ �1� + £ 1 ] } 
f' ( v) r = 1 r p + 1 r = O - v+ r 
= - v u 111 ( y )  Log y + e-y;z 11 - v L b .1"1 x• f 
p 
where the a.1 1\ s are the c oeffic ients of the c onfluent hyperge ometr ic  s e r ies ,  and the b �11., 
are eas i ly re lated to them. 
Its asymptotical behaviour IS we ]] known 118\ 
but now it is no longe r pos s ible to s top the s e r ie s  expans ion at a f inite orde r :  the s ing­
ul ar ( even ) s olut i ons can never be phys ical s oluti ons.  
The re is  anothe r ( more qua l i tat ive ) way to show the inadequacy of the even s olu­
t ions : let us c ons ide r more genera l ly a wave packet extend ing ove r  r ,  around the or igin 
( c f 1 1 91) .  The uncerta inty in the va lue of the momentum is  �, s o  that the mean value of r ,  
the k inetic ene rgy is  of the orde r of 
- /11' T - --, 2mr , 
On the othe r hand the potential ene rgy 1s 
V= - e ' Joo 1</J( x )  I ' dx -oo I x l 
and it str ictly d ive rge s if </; ( 0 )  i s  d i ffe rent from zero. Th is de s c r ibe s a "fa l l  of the 
1 partic le to the centre " ( in the three-dimens ional case ,  for an , r 
occurs on ly for s > 2 1191) .  
potential ,  such a fa l l  
A j_ potential i s  not realis t ic  for our problem, s ince the e lectron and the hole have r 
the space extent of the i r  
a double bond is  finite. 
Wannier  func t ion, and the ene rgy for an exc i tat i on l ocali zed on 
It would be be tte r to use the potential 
2 
V ( x )  e for x > a 
X 
2 e for x < a a 
If one chooses  as a tr ial funct ion 
<j; ( x )  = x e -n for x > a with 
2 2m (-E) }( �2 
= A c os qx for x < a 
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where q is such that cp(x) and � are continuous, then the value of < cp I H I cp > 
where R is the Rydberg constant a6 the Bohr atomic radius and y. is of the order of 7T. 
So even with that "better" potential the ground state is far below the first level of the 
Rydberg series. 
Dealing with the ionized states of an one-dimensional molecular crystal, Merrifield 
encounters the same sort of difficulties. He is able to calculate explicitly all the odd 
states (whatever their radius) as a function of transfer matrix elements, E., which we 
can relate to the band effective masses, and of the Coulomb interaction constant , e'/ c:', 
for the weakly bound states, he obtains the same Rydberg series as we do. But the 
even states are only determined by an implicit equation, to be solved graphically, and 
they are shown to alternate with the odd states. Actually, it is a well known property 
of the one-dimensional Schrodinger equation that , for a regular potential, odd and even 
. I I au> states appear success1ve y on an energy sea e . 
We shall not attempt to describe the first excited or the other even excited states 
in any more detail. In the following, we shall concentrate mainly on the odd states, 
which are much less sensitive to the cutoff of a, because cp vanishes at x = 0. Our 
situation here is comparable to shallow impurities in semiconductors, when bound elect­
rons in p, d, f states are well described by a hydrogenic model, while s-states are more 
complicated�v As far as the even states are concerned, we only know that they alternate 
with the odd states; the lower excitation, which is even, must any way be understood as 
a very localized one, so that for it the W annier model is inadequate; furthermore the 
neglect of dipolar interactions in equation ( 23 ) gets obviously unjustified; however, the 
reason why the MSH model is not convenient may be guessed from the -study of the more 
excited states. The discussion of the experimental results obtained on the carotenoids 
series will show that an hydrogenic exciton model essentially applies to the first (for­
bidden) Rydberg state. 
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Metal - Insu lator trans it ion in ( V,_xCrJ ,O ,  (x�O . 03 ) has been s tudied by Raman scat ­
ter ing. The 1 . 5 %  C r- subst ituted V,O, showed the high tempe rature insulator ( I -phase ) ­
metal ( M-phase ) trans it ion, without cyr s ta l lographic change at 223 K, where the Raman 
spectra a lso  changed drastical ly. The spectra of M-phase are s imi lar to those of pure 
V,O, with regard to the scatte ring intens ity and the frequency shift. The scatter ing in­
tens ity of the lowest  frequency Eg mode i s  much weaker in I-phase than in M-phase .  
The frequency shifts of the scatte r ing peaks are h igher in  I-phase by several em-• than 
in M -phase .  The se  behaviours may be expla ined by the 2-band cross ing mode l which 
has been proposed by Ze ige r for the h igh tempeqature trans it ion in ( V,_xCrJ ,O, . 
§ 1. Introduction 
The c rysta l s  V,O, and ( V,_xCrJ ,O ,  have rece ived a great deal of attention in recent 
years .  Var ious propert ies have been inve st igated as function of tempe rature and pre s s ­
ure for var ious contents, x' s of C r. In the case of V,O., as the temperature i s  dec rea­
sed at atmospher ic pres sure,  the low e lec tr ical re s is t ivity increases abruptly by many 
1, 2) 
order of magn itude at 1 50 K , s imultaneous ly, the c rysta l  changes from a- corundum to mono -
3) 4) 
c l in ic  s truc ture ,  and the anti fe rromagnetic o rder ing in the c rystal  occure s .  The trans i -
tion temperature w i l l  b e  denoted by  T , . I t  i s  usua l ly sa id that the c rystal  is  in the AFI­
phase at T< T ,  and in the M -phase at T > T , . In a c rystal  with x > 0 .014, the abrupt 
change s of  c rystal  s tructu r�> and magnetic o rde r in� s t i l l  take p lace at. a c r it ical tempera -
• 5) 
ture,  but the e lec tr ical res i s t ivity doe s not show a c lear ly d iscontinuous r i se ;  the cr i t i -
ca l  or  trans i tion temperature T, var ies  somewhat depending on  x. The c rystal  is a l so  
sa id to  be  in  the AFI-phase at T< T. and the I-phase at T > T, . In a Cr - subst i tut ed 
crystal with x< 0.014 ,  the e lectr ical re s i s tivity after an abrupt dec rease at T, shows an 5) 
abrupt r i se  as the temperature reaches a lower va lue T, . 
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The trans it ion between I- and M-phase is not accompan ied with the crys tal lograph ic 5 - 10 )  I I ) 
change , and McWhan et a! .  and Br inkman and Rice have inte rpre ted it as a Matt- trans i -
tion. Ze ige r, on the othe r hand, has showed that many phys ical prope rties of the metal ­
insulator trans it ion in Ti , O, and the h igh tempe rature trans i tion in V, O, and ( V,_"CrJ , 0, 
we re exp la ined in te rms of the band cross ing mode l based on a Hartree - Fock free ene rgy 
calcu lat ion inc luding e lec tron- e lectron Cou lomb ene rgy, e last ic  ene rgy and band-e lec tron 
entropy without a Mott- trans it ion. 
Fo l lowing the f irst  s tudy of Raman scatte r ing of V, O ,  in the tempe rature range 30-12 ) 
300K, we have extended the s tudies  to C r - subst i tuted c rysta l s ,  the resu l ts of which are 
reported here.  
§ 2. Expe r i menta l Procedu res 
S ingle - crystal samples  were cut from ingots grown by the Czochra lski  method in the 
Read- Tr iarc furnace in the Central Mate r ia ls  Prepe ration Fac i l ity of Purdue Un ive rsity. 
F igure 1 shows the curve s of e lectr ical 
res is tivity p ve rsus tempe rature for a V, 0, 
sample and fo r samples from ingots which 
were grown to have x- 0.03 and x - 0.015, 
respective ly. The re s i s tance was measured 
pe rpendicular to the c - axis .  S ince it was 
measured by the two terminal method, the 
va lue s of re s i s tivity inc lude some uncertain­
ty, especial ly in the case  of metal phase of  
V,O, due to  the contact re s i s tance .  Sam­
ples with x - 0. 0 1 5  showed two sharp tran-
s i tions of p. The curve s  shown we re 
measured as the temperature was decreased. 
The temperatures at which sharp change s 
of p occured were somewhat diffe rent when 
the tempe rature was ra ised. The crysta l -
lographic or ientat ion in the ingot was 
de te rmined by x- ray diffraction. The sam­
ples were so lde red with In on the sapphire 
ho lder, and we re po l i shed into about 30 f.1m 
with 0. 05f.1 a lumina and syton. F ig. 2 is a 
schematic diagram of the arrangement for 
scatte r ing measurements. The sample was 
mounted in a c ryos tat, Cryogenics Assoc ia-
te s ,  wh ich was made to house a supe rcon-
/ Qe ,_-------------------------, 
100 200 300 
T EM P ERATU R E  ( K) 
Tig.  1 The tempe rature dependence s of the res i s t iv i ty  
of the  V ,O ,  and ( V , _ ,Cr. ) , O, x = O. O l 5  and  0.03, 
wh ich were used for the R aman scatte r i ng s tud i e s .  
ducting magnet. The 4880 A l ine of an argon- ion CW laser, Corad Mode l 54 ,  was used, 
with polar izat ion in the p lane of inc idence . The scatte red l ight in the p lane of inc idence 
at 90° to the laser  beam, was d ispersed by a double monochromator, spex 1402. It was 
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F ig. 2 The schemat ic  d iagram of the arrangement for 
t he scatter ing measurements. 
then detected by a photomultiplier, EMI 9558 
A (S-20 response ) , with a photon-counting 
system, Canberra Industries. The data were 
processed by m1m computer, General Auto­
mation SPC 16/45, for the purpose of redu­
cing the noise in the data by averaging. The 
results was displayed by a recorder. An ana­
lyzer in front of the monochromater was used 
to investigate the polarization of scattered 
light. 
The geometry of scattering is shown in 
Fig. 3. The samples were cut with the scat­
tring surface normal to the hexagonal three­
fold rotation axis C, which is taken to be the 
coordinate axis Z. The plane. of incidence in 
the measurements was perpendicular to a C, 
axis in the· hexagonal basal plane, which is 
taken to be the coordinate axis X. The angle of inci­
dence in the measurement was (� , Z )  = 70° . The 
refraction of the laser and the scattered beams at the 
sample surface is determined by the refractive index 
n=1.76 of the material. It follows that, in terms of 
the chosen coordinate axes, 
k� 1 
£, (o, -o.85, o.53 ) . 
When the analyzer was used m the scattered beam, 
we had 
£, (0, 0.98, 0.19 ) for £: II £;, 
and 
£, ( -1, o, o )  
In the spectre deduced from the measurements, the 
shift of a peak has mostly an uncertainty of ± 3 em- '. 
§ 3. Exper imenta l Results and D iscuss ions 
3 . 1. I -phase 
a ( X ) 
F ig. 3 The geometry for t he scatter ing, t he 
scatter ing surface i s  normal to the hexago­
nal three - fold rota t i on axi s  C. ( Z ) ,  a ( X ) 
is perpendicular t o  a two-"fold rotat ion · 
axi s  C,. The k: and k: show the wave vec­
tors of inc ident and scattered radiat ions,  
and E� and E: t he electric vectors of 
inc ident and
. 
scattered rad iat ions·. respect ive ly. 
The corresponding vectors in  the c rystal  
are shown by k. ,  k. , E, and E. ,  respect ive ly. 
Figures 4a and 4b show the mesured spectra for the M-phase of V,O, and the I-pha­
se of (Vo.9ssCro.oJs ) ,O,. The phonon modes of five of the peaks in the spectra of V,O, are 12 ) 
identified by frequency shift, in comparison with previous results. One extra, weak peak 
was obseved at .6. v- 327 em- '. The a-corundum structure has the R3c space group and 1 3 )  
the D 3d point group at the center of the Brillouin zone. Seven Raman active modes are 
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expected for the s tructure, two A," modes and five Eg modes. Two A," modes and three 
Eg mode s having been identif ied, the extra peak shou ld be a s soc iated with an Eg mode. 
The two polar izab i li ty tensor pos s ible for a Eg mode, E; and E;, have each non-van ish ing 
components of two k inds .  The results for two ( E" E, l ' s  i s  insuff ic ient to d i ffe renc iate 
E; and E;. We note that one more Raman- active E" mode has not ye t been obse rved. 
The spec tra of the C r-doped V,O, are s im i lar to those of pure V, O,. It shows that Cr 
dop ing does  not change the c rys tal  s truc ture .  The phonon modes a s soc iated with the 
peaks may be taken to be those as s oc iated with the peaks of pure V,O, wh ich are c lose 
in frequency shift, respect ive ly. 




(7) z w f­z 
0 z 
cr w f­f­<( u (f) 
E g 
Eg E g 
Pure V2� at R. T 
no- ana lyzer  
Eg 
100 2 0 0  300 4 00 500 600 700 
S TOKES S H I F TS (em- ' )  
Fig. 4 a  The Raman spe c t ra of V,O"  at room tempe ­
rarure .  One more extra Ey l i ne shou ld be obs e r ­
ved. The l owe s t  frequency Ey mode ( 2 10cm- ' )  i s  
observed s t rong ly .  
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cr w f-f-<( u (f) 
E9 E9 
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( \\-x C rx )2 03 a t R. T 
X =  0 . 0 1 5  
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600 7 00 
Fig .  4b The Raman spectra  of ( VI I . 9w, C r l i . I I J 5  ) ,0, at 
room tempe rature .  Vlc note that the sca t te r i ng 
i n tens i ty of the L', 1 2 10 cm- ' l  i s  much weake r 
than that o f  V,O, .  
The frequency shifts 6v' s  of the scatte r ing peaks at room tempe rature are li s ted m 
Table 1. C r - subst i tuting inc reased 6v by seve ral em- ', with the except ion of one Eo 
peak the 6v� 210 em- ' of which was not changed apprec iably. The result may be due to 
the e ffect of C r -dop ing on the latt ice d imens i on. Although the Lphase of ( V, _ xCr. ) , O, 
has a a- corundum s truc ture as V,O, the latt ice dimens ions are d i ffe rent and depend on � )  
x.  I t  has been found that for x= 0.01  and x = 0.04, the c rystal i s  in the I -phase at T� 
300 K ,  and i t s  volume of a rhombohedral ce ll i s  � 1 . 0 1 5  that of V,O, .  Als o, for x= 0.04, 
the hexagonal c - ax is i s  � 0. 995 that of V,O, and the hexagonal a- axi s  is � 1 . 0 12  that of S )  
V,O,. The re are  two molecules  in  a pr imit ive ce ll. As shown in F ig. 5 ( a ) of the seven 
Raman act ive modes ,  one E" mode repre sents a vibrat ion of molecules  as un its ,  with the 14 ) 
vibrat ion pure ly pe rpendicular to the c - axi s : 
X, + X, +  X, + X, + X, - ( X, +  X, + X, + X, + X, ), 
- 52 -
Raman Scatte r ing and Metal-Insu lator T rans ition in ( V  1 - x C rx )  2 0 3 ( x ;:;;; 0. 03)  
Chie i Tatsuyama 
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Fig. 5 The vibrations of the atoms in the un i t  ce l l  
o f  a- corundum structure; ( a )  the lowest  frequency 
E, mode ( 210 em-' ) and ( b )  the l ower frequency 
A.,  mode ( 234 em-• for V,O, at R. T. ) .  
Table 1 .  The effect of  C r ( x ::i 0.03 ) doping o n  the 
frequency shifts  and the scatte r ing inten s i ­
t ies  at room temperature. !!.v shows the 
frequency sh i ft of the scatter ing l ines of 
y,O, in em-', !!. v ( Cr ) - !!. v shows the frequ ­
ency di fferences in em-• bet ween the scat­
te r ing l ines of  ( V, _,CrJ,O, ( x ::i 0.03 ) and 
those of V,O,. I( C r )  / I (  0 )  shows the 
rat ios  of the peak inten s i ty of  the l ines 
of Cr-doped V,O, ( x ::i 0.03 ) to those of 
V,O,.  
Ll v  b. v( C r ) - Ll v  I ( C r  ) /I (O ) 
E. 210 - o  < 0 . 2  
A ,. 234 15 1 
E. 296 10 1 
E. 327 10 1 
A ,. 501 15  2 
E. 595 5 1 
I 
where X is a d isp lacement perpendicular to the c - axis ,  the subsc r ipts ,  1 , 2, 5, 6, 7 deno ­
te ions of one mo lecule and the othe r subscr ipts denote ions of the second mo lecule ,  and 
the f irst  two subscr ipts of each mo lecule refe r  to the Vu ions .  For th is  mode of vibra­
tion, the res tor ing force may not be s ign if icantly affected by the shorten ing of c whi le  
the other mdes  of vibration do show some st i ffening reflected in a noticeable inc rease of 
b. v. So,  the E. l ine at b. v= 210 em_ , i s  identified to be thi s  mode of vibration. 
The spectra in F ig. 4 show that the E. ( 210 em_, ) peak is  cons ide rably weaker in 
the C r -doped V,O, than in V,O, .  A pos s ible cause i s  as fo l lowing. It has been propo-
l s )  
sed by Ze ige r that the e lectron concentrations n , and n, in two energy bands ,  which come 
from 3d orbita l s  of V'+  ions ,  denoted here by 1 and 2, . of the M - phase of V,O, var ies  
with temperature .  The e lectron orbita l s  in  band 1 are e longated a long the c - axis ,  and 
the orbita l s  in band 2 are spread out in the basal p lane . Wi th inc reas ing tempe rature ,  
n , decreases  and n, increases ,  wh ich causes  the h igh temperature trans i tion in V,O, be t ­
ween 500 and 600 K, according to  the proposal .  The latt ice dimens ions and the e lec tr i ­
cal re s i stivity of C r -doped V,O, in the )-phase tend to merge with those  of  V,O, in the 
M -phase .  Therefore ,  with regard to n , and n, C r-doped V,O, may be cons idered as V, O, 
at a h igh tempe rature .  In othe r words ,  C r - subs t i tuted V,O, has a sma l l er  n, than V, O, 
at the same temperature .  The resul t  that the E. ( 210 em_ , ) scatte r ing i s  weaker in 
Cr-doped V,O, than in pure V,O, may be taken as an ind ication that for ion vibration in 
the basal p lane, e lec trons more spread out in the basal p lane are more important for the 
inte ract ion with radiat ion fie ld . 
3. 2 .  AFI -phase 
5 )  
The AFI- phase has the BQ/b Fedorov space group and the C 2• c la s s ical po int group. 
For C 2h po int group, there are four  i rreduc ible representations A., A", B. and B"' of 
1 6 )  
which only A. and B. are Raman act ive . The corre lation detween the representations of 
D3d , the po int group of a- corundum s tructure ,  and those  of  its C 2. subgroup is 
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B. A u Bu 
This 's e rve s to corre late the phonon scatter­
ing with the assumption that magnetic e ffe c ts 
on phonon symmetry may be over looked. 
The scatte r ing spec tra for C r-doped and 
pure V,O, are shown in F ig. 6. For V,O, 
the peaks in the I range I £:, v= 200 to 600 em_ , 
were observed and identif ied previous ly, and 
the peak at t. v- 440 em_, was attr ibuted to 
magnon scatte r ing by the dependence of its 
12) 
intens i ty on temperature. It shou ld be po int-
ed out that the extra E. ( t. v- 327 em- ' ) scat­
te r ing found in our measurement of V,O, in 
the M - phase shou ld lead to an extra pa ir  of 
A. and B. in the AFI - phase .  We d id not 
reproduc ibly obse rve extra peaks c lose to 
327 em- ' in the AFI-phase of V,O, .  It i s  
pos s ible that the A. and B. mode s corre lated 
with E. ( t. v- 327 em- ' ) or with E. ( t. v- 296 
em- ' ) are weak in scatte r ing. It is a l so  
pos s ib le that the peak denoted by A. ( t. v-
320 em- ' ) is an unre solvable pair of A. + B. 
correspond ing to E. ( t. v- 296 em- ' ) and the 
A. + B. Au+ Bu 
<..:) z 
a: w f-­f-­<t (_) (/) I .Bx 
A FI - Phase 
no - anal yzer 
{Vo.985 Cro.o1sl2 03 
BO K 
Fig.  6 The Raman spe c t ra of AFI - phase, The spe c t ­
r u m  o f  ( Vo.9ks Cr o.oi.s ) 20a i s  s im i l a r  to that o f  V,03• 
Two unident i f i ed peaks,  - 160 and 680 em-' ,  are 
obse rved. 
peak denoted by B. ( t.v- 340 em-• )  repre sents the pa i r  A. + B. corre spond ing to E. ( t. v  
- 327 em-' ) .  
The measured spectra show two addit ional peaks at t. v- 160 em- · and 680 em- · ,  res ­
pect ive ly. The 160 em- · and the 680 em_, peaks have each the fo l lowing three pos s ible 
or ig ins : 1 ) B. phonon corre lated with A,. phonon wh ich are Raman inactive for a- corun­
dum s tructure,  2 )  A. + B. phonon corresponding to the E. phonon yet not obse rved, and 3 )  
ant iffe romagnon. There are four mo lecules o f  V,O, in a pr imitive ce l l  of the monoc l inic 
AFI-phase ,  and the re are 30 Raman active modes .  The 6 B.  mode s are corre lated with1 
A,. mode, and 20 A. + B. mode s are corre lated with E. mode. It needs more carefu l  s tu ­
dy to inve st igate hypothe ses  1 )  and 2 ) . Hypothe s is 3 )  may be ver i fiable by inve st iga­
ting pos s ible effects of an app l ied magne tic fie ld. 
The spectra of C r - subst i tuted samples  ( x� 0.03 ) are s imilar to those of V,O, within 
exper imental uncerta inty. Thi s  result  may be unde rs tood on the bas is  that the lattice 
paramete rs  of the c rystal  with x = 0.04 and those of V,O, have been shown to be the same 
5) 
in the monoc l in ic AFI-phase .  Perhaps ,  it i s  worth wh i le to note that th is  cons ide ration 
app l i es  to the frequency sh ift of the magnon scatter ing M as we l l  as to the phonon scat-
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3. 3. M-phase of Cr-doped V, 0,  
The res i st ivity curves shown in  Fig. 1 are  as expected. The r s s i st ivity ' of ( V0• 985 
C ro. o1s ) , O, showed two sharp trans itions ,  f irst order trans itions ,  which define the M-phase,  
with I-M trans it ion at T, = 223 K and M-AFI trans ition at T, = 180 K. On the other 
hand, the C Vo . 01Gro. o. > ,  0, samples did not show discontinuous changes of res ist ivity in 
pas s ing from the !-phase at high temperatures to the AFI-phase a.t low temperatures ;  
there was no M-phase,  and I-AFI trans ition can not be defined in terms of a first order 
trans it ion of res ist ivity. F igure 7 shows that the b. v' s  of the 3 % Cr sample remained 
essential ly constant as T was decreased to 181  K, at which temperature the scatter ing 
spectrum cnanged abruptly as in the case of V, 0, at the M-AFI trans it ion. Thus ,  a 
trans it ion ( I-AFI) occurr ing at 181  K can be defined for the 3 % Cr  sample,  in terms 
of the abrupt change in scatter ing. At high temperature, the frequency shift of each l ine 
of the 1 . 5  % Cr sample was about the same as that of 3 % Cr sample, but ,jt showed an • 5 )  
abrupt decrease at  223 K becoming c lose to  that of pure V, 0, . It  has  been reported 
that the volume of a rhombohedral un it ce l l  in ( V o.oo Cr0• 04 ) . 0, differes from that of V, 0, at 
temperatures above the trans ition to monoc l inic phase.  Furthermore, the ce l l  volume in 
( Vo. 99 C ro . Ol ) ,  0. i s  c lose to that of V, 0, at T <  - 270 K, and c lose  to that of C Vo. 96 C ro . 04 ) ,  
' E u 
Ag ,Bg 
o X =  0. 0 15  • X =  0. 03 
600 :: ! � ! �to �:t : :be 8 i 
Ag 
.. • • , ·o�o ... ·� �� ..... r. •• 7 ° � 
500 ' +--- ' o o Alg 
M 
� 
IOO·L---�--��--�--�--���� 0 50 100 1 50 200 250 300 
TEMPE RATURE (K)  
Fig .  7 The tempe rature dependences of the  frequen­
cy sh i fts of the scatter ing l ines.  In the case 
of  ( Vo.98s Cr o.ois ) ,O, each l ine except one £, ( 210 
em-' ) shows the d i scont inuous changes at T, = 
223 K and T, = 180 K, which correspond t o  the 
tempe ratures from I to M -phase and M to AFI­
phase trans i t i on. 
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(V,.x Crxl2 � 
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Fig. 8 The Raman spectra in  the M - phase of 
( V0•905 Cr 0 •015 ) ,0,. The uppest f igure shows the 
change of spectra pass ing the I- M trans i t i on 
when the sample  was cooled. We know not only 
the change of frequency shifts  but also the 
scatter ing intens i ty of  the E, ( 210 em- ' )  mode 
increases d i scont inuous ly  at the I -M trans i t ion 
tempe rature. 
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0, at T > - 3 10 K, and c lose  to that of one or the othe r indefinitely for 270 K < T < 3 10  K. 
Apparently, the phenomena obse rved in the 3 % Cr and 1 . 5  % Cr samples  are re lated 
to the s tructure .  The abrupt decrese D.v' s  in the 1 . 5  % Cr sample occured when the 
structure represented by the rhombohedral un it cell became defin ite ly that of V, 0, ( M­
phase ) at T - T, = 223 K. 
F igere 8 shows the spectra of ( Vo ,ss Cr 0 015 ) , 0, in the M-phase .  In the ( E, _L E, ) 
spec trum, the E, peak at 2 10 K is cons ide rably s t ronger than the other peaks whereas it 
is not so  in the ( E, _L E, ) spec trum shown in F ig. 4b for the I-phase at room tempera­
ture. The s ituat ion is also borne out by the spectra measurad without analyzer in the 
scatte red rad iat ion: the spectrum for 200 K in F ig. 8 shows c lear ly the peak at D.v - 210 
cm- 1  whereas no such peak i s  d i scern ib le in the spec trum in F ig. 4b. F igure 8 shows 
the tempe rature dependence of  spectra measured without ana lyzer ,  at three d i ffe rent tem­
peratures .  Evidently, the intens ity of the E, ( D.v- 210 em 1 ) scatte r ing inc reased as the 
tempe rature crossed T, - 223 K of the I to M trans it ion. The phenomenon obse rved at 
R. T. that the E, ( D.v- 210 cm- 1 ) scatte r ing is weaker in the I-phase of ( Vo . 9ss C ro . 0 1s l , O, 
than in the M-phase of  V, 0,  holds for temperature down to 0-M )  trans it ion. Compar i ­
son of F ig. 8 with F ig. 4a shows that the scatte r ing in the ( Vo ,ss Cr o 01s ) , 0, of M-phase i s  
not  s ign if icantly d i fferent from that o f  V, 0,  in  M-phase .  
As we have mentioned be fore ,  Ze ige r ha s 
proposed the two bands cross ing mode l for 
the I- M trans i t ion. He has also  calcu lated 
the tempe rature dependence of the latt ice 
vibration frequency for the h igh tempe rature 
trans i t ion of  V, 0,  and I- M trans i t ion of Cr-17 1  
doped V,  0,  i n  te rms of  h i s  mode l. S ince the 
calculated frequency is  assoc iated with the 
latt ice parameter along the c -axis ,  the latt ice 
vibrat ion s imply corresponds to the A' "  mode s 
in wh ich the V atoms in un it ce ll move only 
along the c -axis ,  s imultaneous ly the oxygens 
move pe rpendicular to the c -axis .  One of A' "  
modes is  shown in  F ig. 5 (  b ) . In the othe r 
mode, oxygen atoms move out when V atoms 
move out, which has c learly a higher ene rgy 
than the mode of F ig. 5 ( b ) .  The temperature 
dependences  of the frequency shifts of  A '" 
mode for both V, O, and ( Vo ,Rs C romsl , O, co­
inc ide,  at least qualitat ive ly, with h i s  calcula­
ted results in the narrow temperature reg ion 
of I-M trans it ion. It looks very interes t ing 
to measure Raman scatte r ing at h igher tem­
perature where pure V, 0, shows the anoma-
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2 1 2 K 
150 250 350 
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Fig .  9 The Raman spectra of ( V" ·" C r ,UJ, ) ,O ,  a round 
the tempe rature region from I - to M - phase 
tran s i t i on .  The spec t rum at 195 K shows the 
c rys tal  cons i s t s  of  two phase reg ions  at  th i s  
tempe rature .  
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lous behaviours ,  so cal led h igh temperature trans it ion, in the res i s t ivity and in the latti ­
ce parameters .  
Some scatter ing measurements were made on  the 2% C r  samples ,  the re s i s t ivity of  
wh ich showed T, = 210 K and T, = 180 K. The scatte r ing spectra were  subs tant ia l ly the 
same as those  of the 1 . 5% Cr samples ,  in the !-phase  and in the M-phase at T < 187 K. 
However, the frequency shifts of the peak d id not show, down to 203 K < T, . Deta i led 
inve st igation was made on the behaviour of the A,. ( - 260 em- ' )  scatte r ing; the result is  
shown in F ig. 9. For T � 203 K, .6 v- 260 em- '  rema ined subs tant ial ly unchanged. At T 
= 195 K, two peaks were obse rved at - 260 cm-1 and - 240 cm- 1 , respect ive ly. At T = 
187 K, one peak at 240 em -I was obse rved. The results show that, from scatter ing of 
view, the temperature may be devided into three regions for the 2 % Cr samples :  1 )  T 
> 195 K where the mater ial resembles  the !-phase  of the 1 . 5 % Cr  samples ,  2 )  T < 195 
K where the mater ial is  s imilar to the M-phase  of V, 0, , and 3)  T - 195 K the mater ial 
is  l ike a mixture of the two previous cases .  
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Abstract 
The influence of both impur i ty and surface s tate s on the adatom e lec tronic prope rti ­
e s  i s  s tudied us ing the Dyson equation approach. The surface Green func tion of a semi ­
infinite c rystal  contaminated by a s ingle impur i ty atom i s  calcu lated. It i s  found that 
the surface s tate ene rgy depends on the locat ion of the impur i ty atom. A s imi lar calcu­
lation is pe r formed for the case where an adatom inte racts with the contaminated subst­
rate and the ene rgy Ea of an e lec tron local i zed on the adatom is  dete rmined as a func ­
tion of the impur ity atom locat ion and potential .  The adatom dens ity is a l so  ca lcu lated 
to d iscuss  the s ignif icant e ffect  of  the impur ity near the surface.  
1 . Introduction 
It i s  we l l  known that the chemisorption propert ies of a metal surface are c lo se ly 
connec ted with those of the meta l l i c  subs trate. The Newns - Ande rson ( 1 ,  2 )  enabled the 
re lationship between chemisorpt ion phenomena and the local  e lectronic prope rt ies of the 
metal surface to be de r ived, i. e . ,  the adatom se l f- ene rgy, due to its inte raction with the 
subs trate, may be dete rmined by the surface Green func t ion. The presence of a surface 
and the resultant pe rturbation, produce s  the inhe rent surface e lec tronic propert ies ,  such 
as local i zed surface s tates .  Foo and Davison ( 3 ) s tud ied the e ffect  of Schockley surface 
s tate s  of  a sp-hybr id subs trate on the hydro gen chemisorption proce s s .  They po inted out 
that the presence of Schockley s tate remove s some charge from the adatom and s treng ­
thens the chemisorpt ion bond. 
S imilar e ffect  may be expected when an impur i ty is present near the surface.  The 
growing AE S expe r imental data makes it reasonable to as sume that c rys ta l s  conta in some 
k ind of impur i t ies  or de fects .  As discus sed by previous authors ( 4, 5 ) , the pre sence of 
an impur i ty may change the surface e lectron ic propert ies as it approache s the surface. 
The purpose  of th i s  pape r i s  to inve st igate the influence of both impur ity and surface 
s tate s on those  of an adatom. The mode l treated here is that of a semi - infinite l inear 
cha in contain ing an impur i ty with an adatom attached to its end. The semi - infinite c ry­
s ta l  i s  formed by Kalks te in and Soven method ( 6 ) , the presence of an impur i ty atom in 
the substrate be ing accounted for by the diffe rence of its ion ization energy from that of 
* Present Addres s : Department of Appl ied Mathematics ,  Un ivers ity of Wate r loo, Wate r ­
loo, Canada. 
- 59 -
Bulletin of Faculty of Engineering Toyama University 1 980 
the subs trate atoms . Us ing the Dyson equation approach, the sur face G reen func t ion o f  
a s emi-inf inite c rys ta l ,  contaminated by a s ingle impur i ty atom, i s  expre s s ed in te rms 
of the G reen funct ion of  the infin i te c rys ta l ,  the scatte r ing potent ia l s  be ing introduced 
by the sur face and impur i ty atom. The sur face G reen func t ion thus obta ined depends on 
the locat ion of  the impur i ty atom. The local i zed sur face s tate ene rgy, wh icn depends on 
the impur ity s i te and i ts  potent ia l ,  i s  ca lcu lated. A s im i lar  ca lcu lat ion i s  per formed fo r 
the case  whe re an adatom inte racts wi th such a contaminated sur face ,  u s ing the adatom 
Green funct ion. The adatom dens i ty o f  s tate s is a l s o  ca lcu lated to d i s cus s  the s ign i f i ­
cance of the sur face and impur i ty s tate s .  
2 .  Su rface Green Funct ion 
The sys tem cons i s t s  of  a s emi-infin ite l inear  chain with an impur ity at the i th s ite 
and an adatom attached to the surface atom at n = 0 ( F ig. l ) .  Let G and g be the Green  
a 0 
F i g. l Orbi la l  mode l of adatom a inte rac ting with a contaminated c rys ta l  [., [, and [, 
are the e le c tron ic energ ie s  of the adatom, c ry s ta l  a !Dms and impur ity a !Dm, 
respective ly f! ( f!' ) is the resonance in tegra l  between the c rys ta l  atoms ( the 
adatom and the crys ta l  ato m )  
func t ion of  a semi-inf in i te c rys tal  wi th and without an impur ity atom, re spec t ive ly. The 
Green funct ion G may be expre s s ed in te rms of  g and the scatte r ing potent ia l  V due to 
the impur i ty via the Dyson equation 
A A 
G = g + g VG 
v = E, I i > < i I 
( 1 ) 
( 2 )  
whe re c, 1 s  the impur i ty e lec tronic ene rgy and I i > denote s the atomic o rb i ta l o f  the 
A 
impu r i ty at the ith s i te.  F rom ( 1 )  and ( 2 ) ,  the exp l i c i t  fo rm of  G is 
G( ) _ ( ) + g( n, i ) c, g ( i , m )  n, m - g n, m 1 ( . . ) - E, g l, l
The Green funct ion g of a semi-infin i te crys tal  sa t i s f i e s  the equation 
( E - H, - 2.) g = 1 .  
( 3 )  
( 4 )  
The unpe rturbed Hami l ton ian H, fo r an inf in i te c rys ta l  i s  g iven by the usual  t ignt-b ind­
ing fo rm, 
H, = L E, I n >  < n l + /3 L I n  > < m I ( 5 ) 
n n i' m  
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where E ,  i s  the e lectronic energy of the substrate atom and fl is the resonance integral 
between the nearest-ne ighbour atoms. The c leavage perturbation to form a semi- infinite 
crystal from an infinite one 1s given by 
t:,. = - fJ ( I O > < - 1 1 + I - 1 > < o 1 ) . 
From ( 4 ) and ( 6 )  comes  
1 g( n, m )  = 1 + f]g. ( O, - 1 ) [g. ( n, m ) + t-fl g. ( n, m ) g. ( 0, - 1 ) 
- g. ( n, - 1 ) g. ( 0, m )  f ] 
( 6 )  
( 7 ) 
where the Green function g. of the unpe rturbed infinite crystal, which satisfies ( E  - H, ) 
g, = 1 is given by 
g. ( n, m )  
whe re 
e - ik ·  ( n - m ) a  � --=--------=­
k E - coska 
t = E + JE' - 1, E < 1 
1 t l + I o - m I 
fl 1 - t' 
I E - �, E > 1 E - i J1 - E' ' I E  I < 1 
( 8 )  
( 9 ) 
The energy E is measured re lative to £, in unit of 2fl. Insert ing ( 7 )  and ( 8 )  in ( 3 ) 
leads to the s ite -d iagonal Green function of a semi- infinite crys tal with an impur ity 
atom, viz . ,  
G ( n, n )  = G ( l + ( f]t - c;, ) g. ( O ) - fjc;, t ( 1 - t" ) g: ( o ) ) - ' ( 10 )  
whe re 
c = g. ( o )  + Cflt ( 1 - t'" ) - c, l 1 - t'< '-"> f ) g; ( o ) . ( 1 1 )  
Here, the equation g. ( n ) = g. ( O ) t" has been used. Equation ( 1 0 ) and ( 1 1 )  yie ld the 
surface Green function 
( g. ( 0 ) ( 1 -
£, 1 1 - t" f g. ( 0 ) ) G, = G O, O )  = 1 + ( f]t - c;, ) g. ( O ) - fjc;, t ( 1 - t" ) g; ( o ) ( 12 )  
It i s  c lear from ( 1 2 ) that the surface Green function depends on the location o f  the 
impur ity atom. The effect of thP impurity on the surface e lectron ic properties becomes 
less  pronounced as the impur ity recede s frr>m the surface. S ince t" � 0, as i �  00 ,  
( 1 3 ) reduces to 
- g. ( 0 ) 
G, - 1 + flt g. ( O ) ( 13 )  
m agreement with the surface Green function o f  a semi- infinite pure crys tal .  The Green 
function G, ( i �  ro ) has no real po le, which impl ies  that the local ized surface s tate 
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does  not appear without the change of the subs trate e lectron ic ene rgy due to the presen ­
ce of the surface ( 7 ) . 
When the impur i ty re s ide s at the surface atom locat ion ( i = 0 ) ,  the correspond ing 
surface Green function is 
G, = g. ( o )  1 + ( /3t - c:, ) g. ( o )  
The ene rgy o f  the impur i ty s tate, loca l ized at the surface, 
of the denominator  of ( 14 ) to be 
1 E = y + -, 4 y 
and its intens ity is  
1 I, = 1 - -, 4 y 
unde r the condit ion I y l > Yz, whe re y = c: , /2/3 .  
( 14 ) 
is calcu lated from the zeros 
( 1 5 )  
( 1 6 )  
The ene rg ies of any poss ible surface s tate s  can be de te rmined from the real pole s 
of ( 1 2 )  as a func t ion of the impur ity s ite i and the impuri ty parame te r y. Afte r some 
man ipu lations, the surface s tate ene rgy is given by the so lution of 
t- · - 2 y [ 1  + t' ( 1  + t' + . . . . . .  + t" - ' ) ] = 0 . ( 1 7 )  
The effect o f  both the surface and impur i ty s tate s on the adatom e lec tronic prope rt ies 
is  d iscus sed in Sect. 4. 
3. Ada tom Green Fun c t ion 
The adatom Green func t ion G, is ,  in  gene ral ,  expres sed m te rms of the adatom- sub­
strate coupl ing te rm (3' and the surface Green func tion G. , 
G. ( E )  = [ E - c:. - ( (3' ) '- G, ( E ) r  ( 18 )  
= [ E - c:. - A ( E ) + it, ( E )  r ( 1 9  J 
whe re c:. is the unpe rturbed adatom ene rgy. The real and imag inary part of the adatom 
se l f- ene rgy is defined as 
A( E )  
t. ( E )  
( (3' ) ' R e  [ G ,  ( E ) ]  
- ( (3 ' ) ' I. [ G, ( E ) ]  = 7T ( (3' ) ' p, ( E )  
( 20 )  
( 2 1). 
,p, ( E )  be ing the surface dens ity of s tate s .  The adatom dens i ty of s tate s  i s  
Pa ( E )  = 
1 - I. [ G. ( E ) ]  7T 
1 t. ( E )  
1r [ E - c:. - A( E ) ] '  + t,' ( E )  
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The adatom e lectron ic propert ies thus depend on the surface Green func t ion, which is  in­
fluenced by the presence of the impur ity. Before performing the de ta i led calcu lation for 
the surface and adatom dens ity of s tate s for arb itrary value of � it i s  of inte rest  to d i ­
scuss  the case i = 0, where 
A( E )  = 
and 
L:l ( E )  
I (/3 '  ) '  ( E - 2 y) ± v'E' - 1  (/3 '  ) ' ( E - 2 y) ( E - 2 y) ' +  ( 1 - E' ) 
( /3' ) '  J1 - E' 
( E - 2 y) '  + ( 1 - E' ) 
.,-( (3'  ) ' I, o ( E - E, ) 
0 
. + E > 1 
, - E < - 1  
l E I <  1 
l E I <  1 
I E I > 1 and I rl > Yz 
; othe rwise 
( 23 )  
( 24 )  
S ince L:l ( E) = 0 outs ide the band, except at the energy o f  the local i zed impur i ty 
s tate at the surface, the po le s of Ga ( E) in ( 19 ) are g iven by 
E - Ea - A( E )  = 0 ( 25 )  
whose  so lutions are the locali zed adatom s tate ene rgies .  Afte r a s tra ight forward ca l ­
culat ion, ( 23 )  in ( 26 ) g ive s 
A. E' + A, E '  + A, E + A, � 0 ( 26 ) 
whe re 
Ao = 4 Y, A, = 4/3' 2 - 8 Ea )' - 4 )' 2 - 1 
A, = 2 £a ( 4 y ' + 1 )  + 4 )'£: - 4(3" ( Ea + 2 )') 
A, = £: ( 4 y' + 1 )  - 8(3' '  )'Ea + /3'4 
However ,  not all the roots of ( 26 ) sat i s fy ( 25 ) , because extra one s are introduced by 
the rationa l i z ation procedure .  
The energy Ea of an e lectron loca l i zed on the adatom, which is  a func tion of the 
pos ition of the impur ity and its potent ial y, is g iven by the so lut ion of 
[ 
1 - 2 yt(  1 + t' + . . . . . . + t"- ' ) ] -E - Ea - ( /3 ' ) '  t ' - 2 yt l 1 +  t' ( 1  + t' + • • • • • •  + t" ' ) f - O • ( 27 )  
A s  i inc reases ,  the surface state s tarts to d i sappear  into the band, and the ene rgy of 
the loca l i zed adatom s tate approaches that g iven by Newns ( 1 ) , i. e . ,  
Ea = ( 1 - 2(3' ' ) E a  ± 2(3 ' '  J 4(3" + £: - 1 
( 1 - 4/3' ' )  
- 63 -
( 28 )  
Bulletin of Faculty of Engineering Toyama University 1 980 
4. Resu l t s  and Discuss ion 
The ene rg ies of the loca l i zed adatom s tates  calcu lated from ( 27 )  are shown in F ig. 
2 as a function of i and y ,  when Ea = - 1 .  0 and (3 '  = 0 .3. For any value of y, Ea 
approache s that of the pure c rysta l  case ( 28 ) , within the fi rs t  few atomic s i te s ,  as the 
impuri ty recede s from the surface. Moreove r, as can be seen, the impur i ty e ffect beco ­
me s more pronounced as y inc rease s .  As po inted out by Newns ( 1 ) ,  the loca l i zed s tate 
s tarts to d isappear into the band as  I Ea I dec reases .  For Ea = - 0. 5  and (3' = 0 .3, the 
loca l i zed s tate doe s no t appear  for the pure subs trate, but doe s appear fo r the contami ­
nated one, though as i inc reases  it aga in d i sappears into the band ( F ig. 2 ) .  
- 1 .5 
( a )  ( b )  
F ig. 2 Var iation of  the loca l ized adatom ene rgy with the impur ity s ite i for d iffe rent  
va lue s  of  E, and y. ( a ) E, = - 1 . 0, fJ' = 0. 3  and y = 1 . 0  ( I ) , 0 . 4 ( Il ) , 0 . 2 ( Ill ) .  
( b )  E ,  = - 0.5 ,  fJ '  = 0 . 3  and y = - 0 . 6 (  I ) ,  - 0. 8 (  II ) ,  - 1 . 0 (  Ill ) .  
The adatom e lec tron ic prope rtie s are  thus influenced by  the presence of an  impuri ty 
s ituated within the f irst  few atomic laye rs  of the surface. The impur ity effec ts are,  
the refore,  important fo r the surface and ada tom e lectron ic propert ies ,  because impur i ty 
atoms may be d i s tr ibuted near the surface even when the subs trate mate r ial  has been 
prepared as supposedly pure crystal .  
The adatom dens i ty of s tate s  ( ADO S )  was a l so  calculated fo r the s i tuation whe re 
the impur i ty re s ide s at the surface location as a func tion of y and (3' for Ea = - 0. 5 ( F ig. 
3 ) . The correspond ing surface dens ity of s tate ( S DO S )  of the contaminated c rysta l  is 
b: ( c )
 
- I D  0 10 
m m 
1.0 1.0 
F ig. 3 Adatom dens ity of  s ta te p, fo r i =  0 as a func tion of y and fJ' . The correspond ing sur face dens ity of  s ta te p, is a l so  
shown.  E ,  is fixed at - 0.5 .  ( a ) y = - 0. 2 ,  ( b )  y = - 0. 4  and ( c )  y = - 1 . 0  fJ'  =0 .5 (  I ) , 0 . 3 ( II ) ,  O . l ( Ill ) ,  throughout 
figu res .  
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also  shown in  the figure. For y = - 0.2 ,  no  local ized s tate exis ts .  However, as y in­
creases ,  a loca l i zed adatom s tate s tarts to separate from the band with (3' . This  adatom 
local ized s tate may be inte rpre ted as the impur ity- a s s i s ted one from the fact that the 
ada tom local ized s tate doe s not appear for pure substate s when Ea = - 0. 5  and (3' ;;:;; 0 .5 .  
For I y I > Yz, the loca l ized impur ity s tate s ,  whose energy i s  g iven by ( 1 5 ) , appears in  
the S D O S .  In th is  case ,  two types of  local i zed s tate exis t  i n  the ADO S .  One i s  iden­
tif ied as the impur ity s tate and the other as  the adatom s tate, s ince, as  (3' increases ,  
the ene rgy of the adatom s tate moves to  a lower energy s ide, wh ile that of  the impur ity 
rema ins f ixed. S imi lar calculations were performed for the case whe re the impur i ty i s  
located at the second surface s ite ( F ig. 4 ) . In  th is  case ,  the condition for the exis tence 
~ -1 .0 0 1 .0 
.. Qb 
m 
�_, -L���o------� E 
( b )  
I� - 1 .0 0 l.O 
m 
Fig . 4 Ada tom dens ity of state p, 
for i = 1. Parameters  are 
same as in .Fig. 4 execpt 
( a )  y = - 0.2.  ( b )  y = - 0.4. 
of a surface s tate 1s g iven by I y I > 1_4, Two types of local i zed s tate mentioned above 
appear for y = - 0 .4 , whereas only the impur ity- ass i s ted s tate appears for i = 0 under 
the same set  of parameters .  On inc reas ing y or  fJ' , two peaks appear in the band s ta ­
te s .  The i r  or igins are qu ite d i ffe rent from each othe r.  The peak near E = - 0. 5  is ,  of  
course ,  due to  the adatom. The othe r peak, located at the higher ene rgy s ide, i s  attr ibu ­
ted to its counte rpart of the virtual bound s tate in the S D O S .  The adatom peak i s  the ­
refore repe l led to the lower energy s ide with the growing additional s tructure .  
As discus sed above , an impur ity near the surface p lays an important role in de te r ­
min ing the adatom e lectronic s tructure .  In sp i te of the pre sent s imp le mode l ,  the resu l ­
ts enable us to draw s ignif icant e ffects of an impur ity on adatom s tates .  The mode l 
treated he re i s  ve ry pr imitive , in seve ral respects ,  and a more rea l i s t ic  treatment i s  
needed for an  unders tanding of such phenomena as adatom charge trans fe r and chemisorp­
tion ene rgy of the contaminated subs trate .  The se l f- cons i s tent treatment inc lud ing the 
ind irect  inte raction between adatom and impur ity via the subs tate i s  currently be ing s tu ­
died and wi l l  be reported e l sewhere.  
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ABSTRACT 
Spatial decay propert ies of potent ial were s tudied for hor izontal ce l l  re sponses  to a 
sma l l  spot of monochromatic l ights .  The responses  of L-type · hor izontal c e l l s  spread 
late ra l ly attenuat ing in ampl i tude with d i s tance ;  The ir spatial d i s tr ibut ion was a lways 
hype rpo lar iz ing and be l l - formed around the record ing s it�, though it was affec ted by l ight 
intens ity and wave length. On the othe r hand, the spatial d i s tr ibution of C-type hor i zon­
tal ce l l  responses  was monophas ic or b iphas ic depending upon the wave length of the l ight 
spot. These  spatial propert ies of hor i zontal ce l l  responses  were we l l  exp la ined by the 
compos ite d is tr ibutions of d i ffe rent type receptor inputs and some nonl inear  inte ractions 
among the re sponses .  
1 . INTRODUCTION 
In vertebrate ret ina, hor izontal c e l l s  are second orde r neuron wh ich responds to l i ­
ght with a s low, graded potential .  According to spec tral response propertie s ,  hor izonta l 
ce l l s  are ma inly c lass if ied into two type s ;  the L-type re sponds to l ight of any wave len­
gth by hyperpo lar ization and the C- type doe s by hyperpolar ization or  depolar i zat ion de­
pending upon wave length. 
From ear ly s tudy of hor izontal c e l l  re sponses ,  it was noticed that the receptive f ield 
was far broader than the dendri t ic  f ie ld. Late r, e lec tr ical coupl ing among ad jacent ce l l s  
was demonstrated in  L-type hor izontal c e l l s  as the mechan isms respons ible for the wide 
(24). (32) 
spread of the response . The spatial spread of the response was extens ive ly s tud ied 
for L-type hor izontal ce l l s ;  the re sponse spread among the hor izontal c e l l s  attenuat ing 
• a a m •  
with d is tance accord ing to a exponential decay or  othe r mathematical functions . 
From these  results ,  it was conc luded that a row of hor izontal ce l l s  behaves e lectr ical ly 
as if it was equ iva lent to a laminar conduct ing mid ium bounded by a pa ir  of para l l e l  h igh 
res i s tance membrane s and any potential change ar i s ing with in a hor izontal ce l l  laye r propa ­
gated pas s ive ly accord ing to a decay func tion 1211 • In the contrary, the re are few s tudies  
about spatial propert ies  of C- type hor izo'ntal ce l l s  and we have l i ttle knowledges about 
them. The a im of th is  s tudy is  to inve st igate the spatial spread of hor izontal ce l l  res ­
ponses  to sma l l  spot of monochromatic l ights, e spec ia l ly that of C-type hor izontal ce l l  
re sponses .  
2 . METHODS 
All exper iments in th i s  s tudy were pe r formed on the ret ina of the three years o ld 
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carp ( Cypr inus carp io ) .  Carp was put in a fu l ly darkend tank mo re than 2 hour s  be ­
fore expe r iments . The carp was took from the wate r and immed iate ly k i l led by de s truc ­
tion of i ts  central  neurvous sys tem. Eyeba l l s  we re enuc leated, . then cut into ante r io r  
and po s te r io r  halve s with a razo r b lade . A t  the cu t  edge of the pos te r io r  ha l f, the ret ina 
was fixed to s c lera  by h inge - l ike pec ie s  of  t i s s e  paper  not to de tach the re t ina from p ig­
ment ep i the l ium. V i treous humo r was care fu l ly removed from the ret inal sur face .  The 
eyecup preparat ion was put on an Ag- AgC l  ind i ffe rence e lec trode . No gas s e s  we re supp­
l ied fo r the eyecup in the expe r iments .  A l l  expe r iments we re pe r formed in room tem­
pe rature  o f  1 6 -2 1 " C .  
F ine g las smicrop i pe tts f i l led w i th 2 . 5  Mol  pota s s ium acetate and hav ing re s i s tance 
about 100 MQ we re advanced into the re t ina from vitreal  sur face rough ly up to ho r i zon­
ta l c e l l  laye rs  ( about 200 ,u rn )  and care fu l ly in the laye rs .  To fac i l i tate the penetra­
t ion o f  the g las smic rop ipetts into the c e l l s ,  a jo l te r  wh ich was mod i f ied a loud speake r (�!) 
was used . The photore sponses  of the c e l l s  we re amp l i f ied and s to red on a magne t ic  tape 
by a FM tape recorde r .  
Two d i ffe rent l ight s t imu l i  we re used in the expe r iments .  One was movab le spot of 
monochromatic l ights . Paral l e l  l ight beam from a xenon lamp was pas sed through co ld 
f i l te r s  to e l iminate infrared component and mu l t i -coated inte r fe rence f i l te r s to obta in 
monoch romat ic  l ights wi th about 1 0  nm ha l f  band. Image of  a c i rcu lar  ape r ture  i l lumina­
ted by the monochromatic l ights we re focused on re tina by achromat ic  len s e s .  A gal ­
vano scope was se t  r ight up the re t ina and dr iven by a sawing wave so  that the l ight spot 
ran in a cons tant speed on the re t inal  sur face .  L ight intens i ty was attenuated, ins e r­
t ing ND fi 1 te r s  in 1 ight path, to be equal photons among the monochromatic 1 ights .  The 
max imal  intens i ty of .the monochromat ic  l ights we re ident ica l ly  1 . 0  X 10 '  photons /11 m2/ 
sec .  We  fur the r attenuated the intens i ty from th i s  va lue ( 0  Log ) by othe r N D  f i l ters  
in loga r i thmic un i ts .  Anothe r l ight source  was a d i sp lay composed o f  1 99  l ight emitt ing 
d iode s ( LEDs ) wh ich we re ar rayed in a honeycombed patte rn. The LED d i sp lay was 
se tted in front of  a came ra lens ( Pen tax, 6 X 7, f= 135mm, Asahi  Kogaku, Tokyo ) and the 
condensed image was focused on re t inal  sur face .  The LE D components we re numbe red 
convent iona l ly  f rom 1 to  1 99, f rom the central  to the pe r iphe ral  in counte rc lockwi se  man­
ner .  F ig. 1 shows the inve r ted image of  the LE D d i sp lay 'N i th numbe red components on 
the ret inal  sur face ,  a l though the o rde r of  a hundred i s  e l iminated from the numbers .  
Red  LEDs  ( S iemens ,  LD52 ) masked wi th a short-cut  red  f i l te r  ( Co rn ing, C.  S .  No .  2-58 ) 
and ye l low LEDs ( S iemens ,  LD  57C ) masked with a blue-green f i l te r  ( Corn ing, C .  S .  
No. 4 - 76 ) we re used for red and green s t imu l i , . respect ive ly. A l l  the red LE Ds  and a l l  
the ye l low LEDs  we re ad jus ted so  that the r ed  image s and green  image s had equ i -ene r ­
gy respec t ive ly on the ret inal sur face by contro l ing the amount of the pas s ing current. 
The spectra l  ene rgy of the red image and green image of a LE D component was d i s t r ibu­
ted a round 660 and 560 nm in wave length, respect ive ly. The i r  conve rted numbe r of  pho­
tons at 660 and 560 nm we re 1 . 0  X 10 '  and 1 . 6  X 10'· photons / ,u rn'/  sec .  
The LED components could be f lashed in mannual  way o r  automat ic  way fo l lowing a 
prese t  program. In th i s  expe r iments ,  howeve r,  they we re f lashed s equent ia l ly  from the 
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Fig . 1 . Inve rted image of LED d i sp lay on the retinal surface. C i rc l e s  represent 
the out l i ne of the LED components numbe red 1 - 199, from the central to 
the pe r ipheral ,  a l though the order of a hundred i s  e l iminated. 
f irst  to the 199-th. The response of the photop ic L-type was fas t, so the LEDs turned 
on for 200 msec and off for 600 msec, whi le  those  of the scotop ic L-type and the C-type 
were s low espec ia l ly  in repolar izat ion, the refore ,  they turned on for 200 msec and off 
for 1 200 msec ( see F ig. 2 ) . 
3. RESULTS 
3. 1 .  C i rcu lar synme tr ine s s  of the receptive fie ld of hor izontal ce l l s  
In the carp ret ina, two d i fferent L-type hor izonta l ce l l s  can bee  seen. Photop ic L­
type rece ive s input ma inly from red cone s having spectral maximum at around 620 nm in 
wave length, wh i le  scotopic L-type rece ive s input exc lus ive ly from rods having spectral 
�5) 
maximum at around 523 nm . 
Sample records of re sponses  of photop ic L-type and scotopic L-type hor izontal ce l l s  
to  the sequential flash of LED ·  components are . shown in  F ig. 2 .  From the re sponse am­
pl i tude for each LED component of the d isp lay, we can . see the spatial d is tr ibut ion of 
the decayed re sponse .  F ig. 3 shows the typ ical d i s tr idutions of  25 photopic L-type and 
9 s cotop ic L-type in contour plot where d i s tr ibuted numbers  are re sponse amp l itude to 
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the f lash of  LED components 'lt  the pos i t ion, m units  of  - 0.02 mV for the photop ic L­
type ( e .  g. 70 denote - 1 .4  mV ) and in uni ts  of - 0.05  mV fo r the s cotop ic  L- type ( e .  g. 
45 denote - 2. 25 mV ) . Contour l ines  we re p lo ted by increments of  0.3 mV fo r the phot­
opic L- type and 0.5 mV for the s cotop ic L- type, respect ive ly. The mark ( x )  ind icate s 
the pos i t ion o f  record ing e lec trode t ip. The resu lts ind icate that the recept ive f i e ld of  
L- type ho r i zontal c e l l s  i s  c i rcu lar ly  synmetry around the record ing s ite .  
3. 2 . E ffec ts of  l ight intens i ty on spat ial  decay of  hor i zontal c e l l  re sponse s  
To know the who le profi le o f  the recept ive f i e ld requ i res  much t ime i n  expe r iments 
even though we s t imulate some d i s c re te s amp le po ints .  
A 
Photop i c L 
Scotop i c  L 





__j 2 mV 
20 5  
Fig .  2 .  Samp l e  records  o f  L- type hor i zonta l  c e l l  responses  t o  t he seque n t i a l  
f l a sh  o f  l.E D  component s .  
fted l ight and green l ight we re used f o r  the pho top ic  L- typc and sco top i c  
L-type.  respec t ive ly .  
L B. Scot o p i c  L 
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F ig. 3 .  Spat i a l  d i s t r i bu t i on o f  L- type ho r i zonta l  ce l l  rdsponses .  
Response  amp l i tude for the  LED d i s p l ay we re p l ot ted i n  contour 
p lo t  ( see  Text ) .  
-----• 2  l mm 
Howeve r, the prof i le  o f  the recept ive fie ld in the radia l  d irec tion i s  suff ic ient for the 
who le d i s t r ibution because of c i rcu lar  synme tr ine s s  of the recept ive f i e ld. We used a 
sma l l  te s t  spot moving wi th a cons tant speed ac ros s  the recept ive f i e ld of hor izontal 
c e l l s  pas s ing the t ip of record ing e lec trode.  Obta ined response s  we re s l ightly deviated 
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from the r ea l  profi le by  t ime fac tors  
Photop i c  L 
invo lved in response :  hyperpo lar iz ing 
peak appeared after the spot pas sed the 
r ecord ing s ite ; decay of the hype rpola­
r i z ing phase  before the peak was s teepe r 
than that of repolar i z ing phase afte r the 
M o v i ng spot  Spot d iameter, 0.1 1 4 mm Mov i ng speed . 0.50 mm/sec 
peak; and often a rebound could be seen 
at the repolar i z ing phase .  However, i t  
was a fas t, d irect method to  know the 
cont inuous profi le of the receptive f i led 
and made pos s ible to record re sponses  
from a ce l l  for s t imul i  of  d i ffrent condi - 0 Log 
tions.  
F ig. 4 shows sample records of  photo ­
pic  L-type hor izonta l  ce l l  responses  to 
a spot of 0. 1 14 mm in d iamete r, 620 nm I 0.5 m V 
in wave length, and 0 .41  mm sec in movi­
ng speed. The uppe r record is  for the 
l ight intens ity of - 1  Log, and the lower 
record i s  for 0 Log. To compare the 
receptive fie lds for d i ffe rent l ight in ­
tens i t ies ,  the responses  were digita l i zed 
by an AID-converter ,  smoothed by a d ig i t ­
al  f i l ter ,  and norma l i zed as the peak hy-
Fig. 4 .  Samp le  records of photop ic  L-type hor i zontal 
ce l l  responses to a moving spot. 
perpo lar ization reduced to - L Fig. 5 shows the normal ized re sponses  of L-type hor izont 
al  ce l l s  to the spot of  d i ffe rent intens i t ies  of monochromatic l ight . 620 nm was used for 
the photopic L- type and 520 nm was for scotopic L-type. From the resu lts of F ig. 5, it 
i s  conc luded that the receptive f ie ld of  L-type hor izonta l ce l l s  became broade r  as the 
br ighte r l ight was used. 
A P h o t o p i c  L B. Scotop i c  L 
a. E <( 
Loc a t i o n of t h e>  s p o t  ( m m ) 
-3  -2  - ]  
- 2 Log 
;;! 




F ig. 5 .  Normal i zed responses  of L- type hor i zontal ce l l s .  
Locat i on of t h e>  spot ( mm )  
Light spot was 0. 1 14 mm i n  d iameter and moved with a cons tant speed 
of 0.41 mm/sec at diametr ic  d i rect ion of the recept ive f ie ld. 
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The same propert ies of the receptive 
f ie ld could be obse rved for C- type hor i ­
zontal ce l l s .  For example ,  F ig. 6 shows 
the normal ized re sponses  of a RIG- type 
hor izonta l ce l l  · to the spot of 500 nm in 
wave length. 
Hartl ine reported the s imi lar prope r­
t ies  of geng l ion ce l l s ;  receptive fie ld o f  
gangl ion ce l l s  in the frog ret ina became 
broade r us ing br ighte r l ight for the te s t  
1221 
flash . 
3. 3 . Effects of l ight wave length on spatial 
decay of ho r i zontal cell  re sponses  
F ig. 7 shows the norma l i zed respons ­
es  of L- type hor i zontal ce l l s  for the l ight 
R i G  
a. 
E 4: 
Loca t i on of t he spot ( mm )  
-3 - 2  - 1  0 1 2 3 I I I I I I I I I I I I I I 
F ig. 6 .  No rma l i zed responses of a RIG- type ho r i zontal  
ce l l . 
L ight spot was 0. 1 14 mm in d i ame ter  and moved 
wi th  a cons tant speed of 0 . 4 1  mmlsec .  
spot of diffe rent wave lengthe s .  The l ight intens ity was 0 Log for the photopic L-type 
and - 1 Log for the scotopic L- type, respect ive ly. The results of F ig. 7 ind icate that 
the receptive fie ld of L- type hor i zonta l  c e l l s  became the broader as the more sens i t ive 
wave length was used for the l ight spot. 
F ig. 8 shows re sponses  of a RIG- type ho r i zontal ce l l  fo r the l ight spot of 700, 660, 
620, 600, and 500 nm in wave length. The l ight intens ity of the monochromatic l ights was 
ident ica l ly 0 Log. For 700 nm, the response is depo lar iz ing all ove r the ve rtical  sec­
tion of the receptive fie ld. For 660 nm, the depo lar i zation is  extend ing but a hype rpo­
lar iz ing infl ect ion can be seen near the record ing s i te . The hype rpolar i z ing inflect ion 
grows up rap idly and ove rcomes the depo lar i z ing d i s tr ibution, with dec rements of the wave ­
length from 620 to 500 nm. Because of the var ie ty of spectral re sponse prope rtie s amo­
ng RIG- type hor izontal ce l l s ,  we cou ld see apparent inflect ion for some RIG- type hor i ­
zonta l ce l ls even in  the re sponse to the l ight spot of 700 nm, wh i le we cou ld not any 
inflec tion in the re sponse ,  for some ce l l s ,  to the l ight spot of 660 nm. W ith dec rements 
A.  P h o t o p i c  L B. S c o t op i c  L 
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F ig. 7 .  Norma l i zed responses  of L- type ho r i zonta l  ce l l s  to a m ov i ng spot o f  
d i fferent  wave l engthe s .  
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Mov i ng spot Spot d iameter. 0.1 1 4  mm 
Mov i ng speed . 0 41 mm/sec 
700nm � 
l o smv 
I 0.5 mV 
660nm 
/\_ _,� I 0.5 mV 
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600nm I 0.5 mV 
500 nm -�-� 1 1 mV 
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Locat i on of the spot ( mm )  
Fig. 8 . Spectral responses of a RIG-type 
hor i zontal c e l l  to a moving spot. 
The responses were witten by a 
pen recorder. 
V / RB 
Mov i ng s pot Spot d i ameter, 0.1 14  mm 
Mov i ng speed, 0 .4 1  mm/sec 
620 nm __ ___. 
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Fig. 9 . Spectral responses  of a Y /RB-type 
hor i zontal c e l l  to a mv ing spot. 
of the wave length of the l ight spot, howeve r, the growing up of the hype rpo lar iz ing m­
flection in the response was commonly obse rved for a ll the R/G-type hor izontal ce l l s  m­
vest iga ted i n  th is  s tudy. 
S imi lar spatial propert ies were a l so  obse rved in Y /RB-type hor izontal c e l l  re spons­
es .  F ig. 9 shows re sponses of a Y /RB-type hor i zontal ce l l  to  the moving l ight spot of  
0 Log intens ity, and 620, 600, 570, 530 ,  500, 460 nm in wave length. The responses  for o  
620, 600, and 570 nm are depo lar iz ing; however, a s l ight inflect ion can be seen near the 
record ing s ite. As the shorte r wave length, 530, 500, 460 nm, was used fo r the l ight 
spot, the hype rpo lar iz ing inflection grows up and h ide s the depo lar iz ing response a l l  
over the receptive fie ld. 
These spatial propert ies of C- type hor i zontal ce l l s  were not inherent to the respon­
se only for the moving st imulus ,  but we could find them in the re sponse to the fixed st i­
mu lus .  It i s  demonstrated in F ig. 10 that C- type hor i zontal cel l  re sponses  change the ir  
po lar i ty for the LED images at the cente r and surround of the receptive fie ld. Re spon-
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s e s  of the RIG- type ho r i zontal c e l l  or the f i r s t, 6 - th, 7 - th and 14- th red LED image s 
wh ich i l luminate some parts of centra l  reg ion of the recept ive f ie ld are hype rpo l a r i z ing, 
wh i l e  r e sponse s  for othe r LED image s wh ich i l luminate some parts of  sur round reg ion 
of the recept ive f ie ld are depo lar i
.
z ing. Responses  of  the Y I R B - type ho r i zontal  c e l l  fo r 
the f i r s t  and 6 - th green LED image s wh ich i l luminate some parts of centra l  reg ion of  
the recept ive f ie ld are hype rpo l a r i z ing, wh i l e  re sponses  fo r othe r L E D  image s wh ich 
i l luminate some parts of  surround reg ion of  the recept ive f ie ld are  depo lar i z ing. 
5 1 0  
I I I I I I I  
RIG 
Y/ RB 
Spot numbe r 
1 5  2 0  2 5  3 0  
I I I I I I I I I I I I I I I I I 
3 5  
I I I 
40 4 5  
I I I I I I I 
Fig .  10 . Responses  of C - type ho r i zonta l  c e l l s  to the sequen t i a l  f l a s h  of LED componen ts ( see  F ig. 1) . 
Red l ight and green l ight was used for  the RIG- t ype and Y/RB- type, respe c t ive ly .  
C - type ho r i zontal c e l l  response s  are  
composed of  hype rpo lar i z ing and depo la­
r i z ing components .  The obta ined resu ­
l ts  of F igs .  8 and 9 ind icate a spat ia l  
mode of  inte ract ions between R and G 
components of RIG- type hor i zontal c e l l  
response s ,  and be tween Y and B compo­
nents o f  Y I R B - type ho r i zontal c e l l  r e s ­
ponses .  A d i ffe rent mode of inte rac ­
t ions we re found be tween R and Y com­
ponents of Y I R B - type hor i zontal ce l l  
respons e s .  F ig. 1 1  shows re sponse s  o f  
a Y IRB- type ho r i zontal ce l l  to the mo ­
ving l ight spot of - 1  Log intens i ty. 
The re sponse i s  hype rpo lar i z ing a l l  ove r 
the recept ive f ie ld fo r 700 nm as  we I I  
as 460 nm. I n  the contrary wi th the 
monophas ic d i s tr ibut ion, the d i s t r ibut ion 
fo r 660 nm i s  biphas ic  and depo l a r i z ing 
infl ec t ion can be seen  near the record­
ing  s i te . The  depo lar i z ing inflec t ion 
grows up and then ove rcome s  the hype r ­
polar i z ing R component, wi th dec remen­
ts of the wave length from 660 to 570 nm. 
Y / R B  
Mov i ng spot  S po t  d i ameter. 0.1 1 4 mm 
M o v i ng sp eed . 0.45 mm/sec 
700nm � � 1 m V 
660 nm �
---- � 1 m V 
57 0 nm �.........__ � 2 m V  
4 6 0 n m  
I I I I I I I I I I I I I I I I I 
- 4  -3 -2 - 1 0 1 2 3 4 
Loca t i on of the  spc t ( mm )  
F ig. 1 1 . Spec tra l  responses  o f  a Y / R B- type ho r i zonta l  
ce I I  to a mov i ng spot .  
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I t  is  inte rest ing that the receptive fie ld of  C- type hor izontal ce l l s  has  center- surro­
und antagon ism for some monochromatic l ights though it i s  not complete as that of b ipo­
lar ce l l s  o r  gangl ion ce l l s .  Furthe rmore ,  Rl G- type hor izontal ce l l s  show co lour oppon­
ency only in the surround-response ,  whi le  Y IRB-type hor izonta l  ce l l s  show co lour oppon­
ency in both cente r - response and surround-re sponse .  
4. DISCUSSION 
4. 1 . Spatial spread of  hor izonta l  ce l l  re sponses  
The spatial d i s tr ibution of  hype rpo lar iz ing response of L-type hor i zontal ce l l s  was 
monophas ic and be l l - formed. Any inflections could not be found near the record ing s ite . 
The spatial d i s tr ibut ion was c i rcular synmetry around the record ing s ite . Morpho logi ­
cal ly, it i s  known that hor izontal ce l l s  have a long dendr ite extend ing to inne r neuc lear 
(33) 
layer ;  the dendr it ic fie ld i s  apparently out of  c ircular synmetr ine s s  . The obta ined resu-
lts of  th i s  s tudy indicate that the e lectr ical  coupling among adjacent hor izontal cel ls  i s  
so t ight that the ir  dendr it ic figure i s  h idden, and the e lectr ical coupl ing has  no  d i rectio­
nal se lectivity. It  was reported that the e lectr ical coupl ing among hor izontal ce l l s  of  
the tige r salamander was very t ight in  sp i te of the ir course d i s tr ibution in the re tina. 
4. 2 . Spatial  spread of input from s ingle type receptor  
Photop ic  L-type hor izontal ce l l s  rece ive inputs ma inly from red cone s ,  and scotopic 
L-type hor izontal ce l l s  rece ive input exclus ive ly from rods in the carp. Therefore,  the 
spa t ia l  propert ies of L- type hor i zontal ce l l s  reflect the bas ic propertie s of the spread 
of input from s ingle type receptor among the e lectr ical ly coupled hor izonta l ce l l s .  The 
receptive f ie ld became brorder as s t imu lus intens ity inc reased or the more sens it ive 
wave length was used. The resul ts sugges t  that the spatial property of hor i zontal ce l l s  
rece iving input · from s ingle type receptor depends only upon the e ffect ive ly absorbed 
photons in the receptor ;  a pr inc iple of un ivar iance is  a lso  app l icable to the spatial pro­
perty. 
4. 3 .  Spectral and spatial inte ractions m C-type hor i zonta l ce l l  responses  
C- type hor izontal ce l l  re sponses  are  composes  of depo lar iz ing and hype rpo lar i z ing 
components from di ffe rent type cone s .  RIG-type hor i zontal  ce l l s  of the carp rece ive 
hyperpo lar iz ing input from green cone s and blue cone s ,  as we l l  as depo lar iz ing input 
from red cone s1181 • As we saw in F ig. 8, hype rpo lar iz ing inflect ion wh ich was the spread 
of green cone input grew up and cove red the spread of depo lar iz ing input from red cones, 
with dec rements of the s t imulus wave length from 700 to 500 nm. If RIG-type hor izon­
ta l ce l l s  d i rec tly rece ived depo lar iz ing input from red cone s as we l l  as hyperpolar iz ing 
input from green cone s ,  and both inputs transmitted with the same attenuation in the row 
of RIG-type hor izontal ce l l s ,  the spatial d i s tr ibution of the RIG-type hor izontal ce l l  
response mus t  be  monophas ic having a maximal peak a t  the record ing s i te i rre spect ive 
of po lar ity of the response .  The obta ined resul ts ind icate that, howeve r, the spatial 
d i s tr ibution of depo lar iz ing input from red cones d i ffe red from that of hype rpolar iz ing 
input from green cones .  The inputs independently obeyed to the spread prope rty :  the 
receptive f ie ld of each cone input became broader as the correspond ing cone s absorbed 
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mo re photons and the inputs became la rge r m amp l i tude .  F rom the se  resu l ts ,  it is con­
c luded that the inputs from red cone s and green cone s brung out pas s ing through d i ffe ­
rent pathways .  
The inte rac t ions lead ing to the spectral  re sponse prope r t i e s  of  ho r i zontal c e l l s  pro­
bab ly mod i fy the spat ia l  d i s tr ibut ion o f  cone inputs .  RIG- type ho r i zonta l  c e l l s  o f  the 
turt le  rece ive hype rpo lar i z ing input d i rec t ly from green cone s but depo l a r i z ing input from 
L- type ho r i zontal c e l l s  v ia  green cone s(211• A d i fferent conc lus ion was obta ined fo r RIG­
type ho r i zonta l  ce l l s  of  the p ikeperch ;  the i r  spec tral  response p rope r t i e s  we re p roduced 
( l l  
only by pos tsynapt ic  inte ract ions . We have no evidenc e s  to d i f ine the true mechan i s ms 
re spons ible  fo r the spectral  re sponse  p rope r t i e s .  Howeve r,  the resu l t s  of th i s  s tudy 
ind i cate at l eas t  that RIG- type hor i zontal c e l l s  of the carp do not rece ive d i rec t  inputs 
from both green cones and red cone s .  
From the resu l ts of  F igs .  9 and 1 1 , i t  1 s  a l s o  sugge s ted that the three cone inputs 
brought in Y I R B - type ho r i zontal c e l l s  pas s ing through d i ffe rent pathways each o the r. 
Fu rthe rmore ,  the spat ia l  prope r t i e s  o f  C - type hor i zontal c e l l s  are we l l  exp la ined assu­
ming that RIG- type hor i zontal ce l l s  rece ive depo lar i z ing input from photop ic L-type 
ho r i zontal c e l l s  and Y IRB- type ho r i zontal c e l l s  rece ive po la r i ty- inve r t ing input from Rl 
G- type ho r i zontal c e l l s .  Mo rpho log i ca l ly, ho r i zontal c e l l s  are  s trat i f i ed in  some laye r s ,  
photop i c  L- type, RIG- type and Y I R B - type from receptor  te rminal t o  the affe rent d i re c -
• Cfl twn . The a s sumed info rmation flow in  the se  ho r i zontal c e l l s  ag ree w i th the mo rpho lo-
g ica l  ar range ment. 
S ome que s t ions s t i l l  rema in though the spat ia l  d i s tr ibution of C - type ho r i zontal c e l l  
re sponse s  a r e  we l l  expla ined b y  the compo s i t i on of the spat ia l  spread of  d i ffe rent cone 
inputs .  We could not any depo l a r i z ing inf lec t ion in the spat ia l  d i s tr ibut ions of  RIG- type 
ho r i zontal c e l l  responses  fo r green l ight ( F ig.  8 )  and YIRB-type ho r i zontal c e l l  re spon­
ses fo r b lue l ight ( F igs .  9 ,  1 1 ) . If the cone inputs we re l inear ly  summed in the C - type 
ho r i zontal c e l l s ,  a depo lar i z ing infl ec t ion should appear in  the spat ia l  d i s tr ibut ion of  the 
re sponses .  The re fore ,  some non l inear  summat ion seems to mod i fy the spat ia l  p rope r­
t i e s  of  C - type ho r i zontal  ce l l  response s .  
4. CONCLUSIONS 
In the d i s cu s s ions about the re su l ts' ,of  th i s  s tudy, the fo l low ing conc lus ions we re 
obta ined: 1 )  input  from a s ingle type photo receptor spread late r a l ly in the row of  hor i ­
zonta l  c e l l s  attenuat ing i n  ampl i tude w i th d i s tance ;  2 )  the spat ia l  sp read of  the receptor  
input became broade r as  the more photons abso rbed by  the photorecepto r ;  3)  the spat ia l  
d i s t r ibut ion of  C - type ho r i zontal c e l l  respons e s  was compo sed of  some components from 
d i ffe rent type photoreceptor s  that spread independently in the recept ive f ie ld ;  4)  the spa­
t ia l  spread of the photo receptor inputs into C - type hor i zontal c e l l s  was mod i f i Pd by some 
non ] inear  inte ract ions .  
( 2 ) - (20,> In the p revious s tud i e s  we examined the spec tral  and tempo ral  p rope r t i e s  o f  ho r i -
zontal c e l l  re sponses .  Pu tt ing toge the r the resu lts  of  the p revious s tud i e s  and th i s  s tu­
dy ,  the ove ra l l  p rope rt i es  of  ho r i zontal ce l l  re sponses  we re e luc idated. The ro le s of  
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hor izontal c e l l s  for spatial and temporal  information process ing are  low-pass  f i l ter ing in 
the space and time d imens ions, respect ive ly. On the othe·r hand, the i r  ro les  for spect­
ral information p roce s s ing are the co lour cod ing in the mutual ly or thogonal tr i-chroma­
tic components. 
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Var ia t i ona l  P r i nc i p l e  i n  Ab lat ion 
of E l ast i c  So l id  w i th Thermal  Layer 
Yo shiyuk i FU RUYA 
Department of Appl ied Mathem atics ,  Faculty 
of Engineer ing, Toyama Un ivers ity, Takaoka 
A method is pre sented for the analys i s  of an ablation of 1 •  e last ic ' so l id with , thermal  
laye r. The method i s  in  part  an  appl icat ion of  B iot' s var iational theory · of · thermoe las ­
tic i ty. An extens ion of heat balance integral introduced by Goodman for thermoe last ic i ty 
i s  tr ied. Both mathemat ical method toge the r with a quadratic approximation of tempera­
ture,  p rovide a system of d i ffe rent ial equations of the pos it ion of me lt ing l ine s ( t) , and 
the th ickne s s  of the rmal laye r q (  t ) .  The so lution of heat : conduction equation I provide s 
the init ial  condit ion of q (  t ) .  With the a id of Adams - Bashforth' s method, one can reach 
the ser ies  so lution of s ( t) and q( t ) .  
§ 1 . Introduction 
In the previous papers ,  the authe r analysed the me lt ing e last ic  s o l id with the a id of 
1 ) - 7 )  
B iot and Boley' s ear l i er  works .  
B iot introduced the var iational invar iants 
v 
D 
= f!J: ( 2
cT 8' + W) 
= P f!J: 2lT H' d V, 
d V. 
with p 
in h is  theory of the rmoe lastic i ty : 
( 1 .  1 )  
d ( 1 .  2 )  d t . 
c . . . . . .  heat capac ity pe r unit volume, T . . . . . .  abso lute temperature, e . . . . . .  temperature change, 
W . . . . . .  s train ene rgy funct ion, A. • • • • • •  coeffic ient of heat conduction, H . . . . . .  quantity which 
repre sents the rate of  heat flow by H. 
And he der ived the var iational equation. 
Boley inve s t igated the ablat ion of  s o l id by use of the heat conduct ion equation 1 with 
6 )  
phase  change. 
Goodman introduced the quant ity I =  J Bdx, where the , integral was 1 taken ' over ' the 
reg ion he cons idered. He led the ; heat balance integral and e s tabl i shed ! his : theory of 
8 ) ,  9 )  ' 
heat conduction. 10)  
Duhame l - Neuman' s form of  Hooke ' s law is 
The ene rgy equation of the rmoe last ic ity is 
- ( h. ) , = c iJ  + T /3ii e ij. 
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a,1 • • • • •  s tre s s  tensor, e t1 • • • • •  s train tensor,  /3t1 , C t1k t  • • • • •  numer ical cons tants, h, . . . . .  heat flow 
rate fo r x, direc tion, ( ) , . . . . .  d i ffe rentiation with respect to X t  direc tion. 
The aim of th is  pape r is to inve st ige te the ablat ion of e last ic  so l id by use of  B iot 's 
var iational pr inc iple and othe r works mentioned above : 
1. The var iational invar iants are introduced by virtue of the formulas ( 1 . 1 )  and ( 1 . 2 ) , 
and the var iat ional equation i s  formulated. 
2. If we take the or igin of t ime as  the t ime when the ablat ion begins,  the init ial  cond i ­
tion of the th ickne s s  of the rmal laye r q ( O ) is ca lcu lated from the so lut ion of heat con­
duction equat ion. 
3. Reffe r ing to Goodman's  work, the new extens ion of the heat balance integral for the rmo­
e last ic ity is found. 
4. The s e r ie s  so lut ion of the pos i t ion of me lt ing l ine s ( t) and the th ickne s s  - of the rmal 
laye r q ( t )  are found from the var iational equation and the heat balance integral .  
§ 2. In i t ia l  Cond i t ion of  The rma l  Layer  
The problem of me lt ing s lab may be  conc ide red. Cons ide r a s lab occupy ing the 
f inite or infinite region of x axis ,  exposed to a pre scr ibed heat input Q( t) at x =  0. Let 
T+ 8 denote the tempe rature of  un it e lement, 8 be ing the tempe rature change. It will be 
assumed here that the me lted port ion is  immedeate ly removed. When the face x= 0 is 
suddenly exposed, at t= O, to a heat input, a tempe rature change occures m a smal l  regi ­
on, cal led the rmal laye r. In th is  pape r, we as sume the heat input i s  cons tant be fore 
me lt ing begins .  
The so lution of heat conduct ion equation 
ae 
at 
with the condit ion 
1 1 )  
i s  
_ A ae(  o,  t ) OX 
e = ; Q, 1 ' 
h , . A/ w ere K IS /c . 
( O < x < ro ) 
1 { ex -./?T( t- r) P 
By transforming the var iable as 
�x' ( t- r) - �' , 
we see from eq. ( 2. 3 )  
e = Q, x  1m A Jii xl2x/t ; exp ( - n d�. 
( 2. 1 )  
( 2. 2 )  
( 2 .  3 )  
( 2. 4 )  
( 2. 5 )  
By use of integrat ion by part and Taylor ' s  expans ion, we see from eq. ( 2. 5 )  
e . Q, ( 2 x  � + x ) =;o T .fiT v' t - x 2x./7iT . ( 2. 6 )  
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This equation is  almost  near ly correct within the reg ion 
2x � O < x < /7i v t . 
We as sume the th ickne s s  of thermal laye r as 
q (  t) = 2 x  /t v --:;- .  ( 2 .  7 )  
The re lation of the me lt ing 
from eq. ( 2. 6 )  as 
temperature Bm and the t ime t m when me lt ing begins,  i s  found 
e _ Q
. 2 x  � m - ----:.\ I7T v t m . ( 2. 8 )  
The equation ( 2. 7 )  and ( 2. 8 )  provide the the rma l  layer th ickne s s  when me lt ing begins : 
A q ( tm ) = Q. Om• ( 2 .  9 )  
If we take the or igin o f  t ime at t = t m , we see the init ial condit ion o f  q (  t) as 
A q (  0 )  = Q. Om • ( 2. 10 ) 
§ 3 .  Quadratic Approx imat ion 
A region 8 < x < 8 +  q i s  now de fined to  be the the rmal layer ; for x > 8+ q, the 
s lab is at an equ i l ibr ium temperature and the re is no heat transfe r  beyond th is  po int . 
Let  8= 8 ( t) denote the th ickne s s  of the portion of the mate r ial  which has me l ted and 
8 ), 9 )  
take the tes t  function of 0( x, t) as 
O ( x, t )  = a ( t) + b ( t) (x - 8 )  + c ( t )  (x - 8 r 
From the assumption made above , we may set  the condition : 
ae( 8 + q, t ) = 0 0 ( 8, t) = Om , 8 ( 8  + q, t) = 0, ax · 
From the formu la ( 3. 1 )  and the condition ( 3. 2 ) ,  we find 
0 = Om { 1 - .1_ ( X - 8 )  + � ( X - 8 )  2 } q q . 
§ 4 . Variat ional  Princ ip le  
( 3. 1 )  
( 3. 2 )  
( 3. 3 )  
Re fe r ing to eqs . ( 1 . 1 )  and ( 1 . 2 ) , we define the var iat ional invar iants as 
V = Js + q � ( � + Ea2) 02 dx, 
Is + q 1 2 D = p 2 A  T H dx. 
( 4 . 1 )  
( 4. 2 )  
£ . .  _. . . .  Young' s modu lus ,  a . . . . . .  coeffic ient of  l inear the rmal expans ion. 
We cons ider the var iat ions as the change s due to the virtual d i sp lacement of the 
coordinate of the me lting l ine 8( t ) .  
The variat ion of V i s  calculated as  
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o V = - � ( �m + Em a� ) e:, os + I s + q ( � + Ea' ) (J ae dx , ( 4. 3 )  
suffix m . . . . . . . .  me lting s tate. 
The law of heat conduction and the law of the rmal  expans ion are expressed as 
H, c 8  = 
ae = - __15_ OX . 
f . . . . . . . .  d isp lacement. 
oH 
OX ' 
6 ), 7 )  
The boundary condit ion at x = s (  t) IS expres sed as 
ii = Q( t) - p l; . 
p l  . . . . . . . .  lat ent heat per unit vo lume .  
Therefore ,  we reach 
H ( s, t ) = l 1 Q( t) d t  + .0. - p ls .  
( 4. 4 )  
( 4. 5 )  
( 4. 6 )  
.0. . . . . . . . .  heat transported to the r ight ac ros s  a unit cross - sec t ional area at x = 0, 
before me l t ing deg ins.  
From eq. ( 4. 6 ) , we see 
oH = - p los a t  X = s (  t) . ( 4. 7 )  
Us ing eqs .  ( 4. 4 ) ,  ( 4. 5 )  and ( 4. 7 ) ,  we can trans form the r ight s ide o f  eq. ( 4. 3 )  as 
fo l lows : 
1 d q c 8  ae dx = -I " q e :X ( oH) dx 
- { [ e oH J :  + q - J s + q �� oH dx } 
I s + q 1 • (Jm ( oH) x � s - ' T H oH dx 
I s + q 1 • - p l Bm OS - T H oH dx. 
I
d q J s + q 0 
s
. Ea8ao8 dx = 
s 
Ea � ( of)  dx 
[ Eaean : + q -J s + q ! ( Eae ) of dx 
I s + q a - Em am Bm ( of ) X + 8 - -a- ( Ea8 ) of dx . s X 
Al so, from eq. ( 4. 2 ) ,  we have 
[ 1 , i s + q 1 ] aD = p - 2 A m T H ( s, t )  as + s A T H oH dx 1 d J s + q 1 -- - 1 H ( s, t ) f '  OS + 1 T ii oH dx. 2 ,\ m T dt  1' 
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( 4. Sa ) 
( 4. 8b ) 
( 4. 9 )  
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The equations 
av + aD 
( 4 . 3 ) , ( 4. 8 )  and ( 4. 9 )  provide the var iational equation 
_l_ (� + £ 2 ) (j' 5:' - pf(Jm 5:' 2 T m am m us T u s  
f s + q a Em am Bm ( of ) F s - s � ( EaB ) of dx 
1 d { }2 2 A m  T dt H ( S, t ) OS. ( 4. 10 ) 
This p r inc iple doe s  not requ ire the evaluation of  tempe rature fie ld, so we can inser t  the 
tes t  function ( 3. 3 ) .  
For the sake o f  imp l i c i ty, we take c, E, a, A e tc .  a s  cons tants.  




( T + Ea2 ) q ( t) . 
This  g ive s 
1 2 ( c 2 ) oV = 10 8m T + Ea oq. 
The defin it ion of the rmal  laye r p rovide s 
H ( s + q, t ) = 0. 
( 4 . 1 1 ) 
( 4. 12 ) 
( 4. 1 3 )  
Substitut ing eq. ( 3. 3 )  into eq. ( 4. 4 , ) and integrating b y  u s e  o f  the condit ion ( 4. 13 ) , we 
have 
H = - cBm { ( x - s ) - + ( x - s ) ' + 3�2 ( x - s ) ' - � q } . 
Substitution of eq. ( 4. 14 )  into eq. ( 4. 2 ) provide s 
D [ 
1 2 2 3 ]  = p 2 A TX 63 c Bm q 
The var iation of D is calcu lated as fo l lows : 
oD = p [ u ix 21  c 2 8� q2 oq ] 
1 2 e2 . ,.  2 A  Tx 21  c m 2qq  uq 
: . oD = 21 l T c 2 f!.. qq  oq. 
From eqs . ( 3. 3 )  and ( 4. 5 ) , we have 
f = a8m { ( x - S ) - _l_ ( X - S ) ' + _l_2 ( X - S ) ' - _l_ q } q 3q  3 . 
( 4. 14 )  
( 4. 15 ) 
( 4. 16 ) 
( 4. 17 ) 
We as sume that the virtual d isp lacement of s ( t) causes  the inc rease of tempe rature and 
the inc rease of tempe rature causes  the var iation of q (  t) . From th is  a s sumpt ion we see  
from eq .  ( 4. 1 7 ) as  
of = - a8m { 1 - � ( X - s ) + q� ( X - s ) 2 } OS, ( 4. 18 ) 
the re fore ,  we have 
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From eqs .  ( 3. 3 )  and ( 4. 18 ) ,  we have 
I s + q ae 1 , s � 0� dx = 2 a Bm OS. 
And from eq. ( 4 . 14 ) ,  we have 
1 H ( s, t) = 3 c Bm q (t )  .. 
( 4. 19 ) 
( 4. 20 ) 
( 4. 2 1 ) 
Subs t i tut ing eqs .  ( 4. 1 2 ) ,  ( 4, 1 6 ) ,  ( 4, 1 9 ) ,  ( 4, 20 ) and ( 4. 2 1 ) into the var iat ional  equa -
t ion ( 4 . 10 ) ,  we have 
L1o e: ( ; + Ea') + 2�'i;T q q }  oq 
_ { 1 ( C m  + E '\ 2 p /Bm + E Bm' - - 2 T m a"'} e m  - -----y- m am a 
1 E ' e' 1 ' e' · } - 2 a m - 9 A m T C m q q OS. 
§ 5 .  Heat Ba lance Integra l  
( 4 .  22 ) 
8 ), 9 )  
We sha l l  try to extend the heat balance 
re fe r ing to eq. ( 1 . 4 ) :  
integral  to the rmoe las t i c i ty. W e  define th i s  
I =I s + q ( c + TEa' ) e dx. 
D i ffe rent iat ion wi th respect  to t ime prov ides 
di , , . I s + q -d = - ( C m + TEm am) Bm s + ( c + TEa' ) e dx. t s 
( 5. 1 )  
( 5.  2 )  
Us ing eq. ( 1 . 4 )  and the def in i t ion o f  the rmal layer  and the boundary cond i t i on at  x = s 
( t ) '  
- A m ( �� t � 8 = Q(  t) - p/�, 
we can eva luate the second term of the r ight s ide of ep. ( 5 . 2 )  
! .. d q ( c + TEa' ) e dx =I s +  q -0- ( A  _(Jj}_ )  dx 
> s ox ox 
= Q ( t )  - p l�. 
The refore  eq. ( 5 . 2 )  become s  
�� = - { ( e m +  TEm a'"') em + p l } � + Q( t) .  
Inse rrt ing eq. ( 3. 3 )  into eq. ( 5 . 4 ) ,  we have 
1 ( ' ) . 3 em c + TEa q 
= - { ( C m + TErn a: ) em +  p l  } � + Q (  t ) . 
Reca l l ing s ( O )  = 0, we have ; by integrat ing eq. ( 5 . 5 ) ,  
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( 5.  3 )  
a s  fo l lows : 
( 5. 4 )  
( 5 .  5 )  
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� 8m ( c + TEa' ) ( q ( t) - q ( O) ) 
= - I (  Cm + TEm a�) 8m + p l I s + [ t Q( t) d t. 
This  equation p rovides the re lation between OS and oq : 
S> - - 3 I (  Cm  + TEm a�) 8m + Pl l S> uq 8m ( C + TEa' ) us. 
( 5. 6 )  
( 5. 7 )  
Insert ing eq. ( 5. 7 )  into eq. (4 .  22 ) , we have the equation o f  s (  t) and q (  t) : 
- 3 { ( Cm + TEm a';J 8m + p l I { _l_ ,. ( s_ + E ') 8m ( C + TEa' ) 10 Om T a 
+ c'r!m • } - 1 ( Cm + E ·\ ,. pl8m 2U . T q q - 2 T m am; Om - ---y-
+ E  ' 1 E ' 8' 1 , ,. . m am a  8m - 2 a m - 9 A. m  T c Om q q. ( 5. 8 ) 
We reached the s imu ltaneous equation for s( t) and q (  t) as eqs .  ( 5. 5 )  and ( 5. 8 ) . In 
the next paragraph, we shall calcu late the ser i e s  so lution for s( t) and q (  t) from these 
equations. 
§ 6 . Series Sol ution 




( ) 1 . " ( ) 2 s 0 t + 2 / s 0 t + . . . . . . . . . . . . .  . 
q ( O ) + q ( O)  t + _l_ "{;_ ( 0 ) t' + · · · · · · · · · · 2/ 
f r o m  e q s .  ( 5 .  5 )  and ( 5 . 8 ) , r e c a l l ing s (O ) =O, and eq. ( 2 . 10 ) , i . e .  
;.. q ( O) = Q. 
8m , 
with the a id of Adams - Bashforth' s method : 
e tc .  
q ( O) 
8 ( 0) 
- _1_ [
____i__ { ( Cm + TEm a� ) 8m + Pl l - q (O )  7A T c +  TEa' 
X { � ( ?[ + Em a�) 8m + J;� - Em am a 8m 
+ � Ea' 8m } , 
= 
Q. - -} em ( c +  TEa' ) q ( O )  
( C m  + TEm a� ) 8m + p l  
"q ( O) = - { q (O )  I ' / q ( O ) , 
s (o )  
Q( O) - t 8m ( c + TEa' ) ij( O) 
( Cm + TEm a: ) 8m + p l 
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( 6 . 1 ) 
( 6. 2 ) 
( 6. 3 ) 
( 6. 4 ) 
( 6. 5 )  
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§ 7. Conc lus ion 
The fo rmulat ion of the ab lation of  e last ic  so l id with the rmal  laye r has  been done by 
the var iational equation and the heat balance integral for the the rmoe last ic  so l id. By 
use of the var iational invar iants ( 4. 1 )  and ( 4 . 2 ) ,  the var iational equation has been fo r ­
mulated. This  equation has two parameters ,  s (  t) and q (  t ) .  W ith the a id of the heat 
balance integral for the rmoe last ic ity, th i s  equation has been formu lated as a var i tional 
equation with subs idary condit ion. Th is  system of equations doe s not requ ire the eva­
l uation of tempe rature fie ld, the refore the quadratic form of tempe rature fie ld can be 
used as a te st  func tion. By avo id ing the need for highly ingen ious gue s s e s  and the comp l i ­
ca ted mathematical s tructure of d i ffe rential equation, th is  formulation provide s the ser ie s  
so lution, which reveal the feature of s (  t) and q (  t) . 
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程が， 次第に明らかにきれてきた。 特に， プラズマ中に起こるいろいろの不安定現象は， 系のもつ集
団励起と関係しており， 非線形波動及びノイズの聞の非線形相互作用， それらと粒子聞の相E作用に
よる複雑な非線形過程( collapse， self-focus， soliton， nonlinear Landau damping， echo等)を
通して， プラズマの巨視的性質に影響を与えることが認識されてきた。
一方， 近年， 天体物理学， その中でもX線天文学のめざましい発展により， 宇宙における多くのコ
ンパクトX線源が発見きれた。 これらのX線源のモデルのーっとして， B lack Hole (以下B.H.と略
記;現在で‘は質量が10→gの小さいものから， 1011Mø (太陽質量)までの超質量まで考えられている)
の様な強い重力場の中にかこまれた高温プラズマ中の電子制動輯射によるとするものがある。 最終的









ズマの巨視的ふるまいを調べる。 この様な分野を一般相対論的電磁流体力学 ( G eneral R elativistic 
M agnetohydrodynamies : G. R. M. と以下略記)と呼ぶ。
これまでG.R.M.の分野では， 基礎方程式とそれから導ぴかれる保存則に関連した仕事， B.H.近
傍のプラズマに関しての仕事， 少しG.R.M.と異なるが， B.H.近傍での荷電粒子の軌道についての
仕事がある。 以下では， まずG.R.M.の基礎方程式を導出する。 次に， G.R.M. の特別な場合として
の特殊相対論的な場合(S.R.M)の基礎方程式が導出きれる。 これを用いて， 電子一陽電子プラズマ


















8rrG R.， - "2 g.， Rニ ヲ.� T.β ( 2-1) ， 
ここで， yaß はプラズマと物質のエネルギー・運動量テンソルTβ1m)と電磁場のエネルキ: ・ー運動量
テンソ/レT州問)の手口からなる。 !!Pち，
T'ß = T'ßlm) 十T剤師 ，
( ι(p+ε) u' u' + p g 







ここでg.，は計量テンソル(-ds'ニg.， dx' d x ') ， R.， はRicciテンソ/レ， RニgaaRa
，ニgatg'
m 
R.ßlm �ま， スカラー曲率， G=6.67X 1O-8cm' g-lsec-Zは万有引力定数， α=8rrG /c' =2.07X 10岨
sec'/cm' g， pは物質及びプラズマの圧力， êは物質及びプラズマのエネルギー密度で， ε/♂は質
量宮、度， ぷは， 物質及びプラズマの4元速度である。 電磁場テンソルF.，は， 次式で与えられる;
aA， aA. F.， = Aβ，α -A. ;ß 二 一一7一 一
一下
p;" • '. p ax" ai ( 2-5) 
Tβ，βは， 反変テンソルT'ßに対してのβに関しての反変微分を示し， Aβ1αは， 共変ベクトルA， に
対してのαに関しての共変微分を示す。 曲った時空での平行移動の概念， 及びそれを用いての共変微
分， 反変微分などの定義， それらに関連した公式は， 付録(A)を参照。 又， 曲率テンソル及びそれに







これまで， 静的球対称解であるSchwarzschild時空， 帯電したReissner時空， 漸近的に一様磁
場も存在するErnst時空， 回転する定常解のKerr時空， 及ぴその拡張されたTomimatsu & Sato 




aR W 3F 十一ーをー十 �; :' - 0 

















sin B， Ernst時空では，/二子=(1十よB' r' sin B)' r' sin B などである。4 
次に物質の連続の式は， ηを物質の固有数密度とすると，
ドイ):o (2-10) 




ρ- const. nr ， (2-12) 
となり， rは， 物質の比熱比である。
以上(2-1)， (2-6)， (2-7)， (2-10)， (2-12)式が， G.R. M.の基礎方程式系である。(2-1)には，
運動方程式と， エネルギ一保存則が含まれている。
3. S.R.M.の基礎方程式
この節では， G. R. M.の特別な場合としてのS.R. M. (Special-Relativistic Magnetohydrodyna­
mics)の基礎方程式系を導出する。 等価原理によれば， 時空の一点， 又は近似的にはその点の近傍で







k (T'k( m) + rk( em)) = 0， αz 






1 rk(em) =オ[pl F;
シJ ( 3-3) 
ここで， りikは， i=kニOで 1， iニk手0で1 ， i手kでOの{直をとる。
(3-3)式を用いて， (3-1) 式の第2項を計算すれば
åTik(em) 
åxk ( 3-4) 子F il わ ，
。T出em)
五子























ここで， Toa Tぺ T岨二T凹，
従って(3-5)式のzニO成分より， (Xo = ctを用いた )
1 � T""(m)十 」了T"'(m) + ----J-， T"(m) + ----J-， y"3(m) = _]_， F"' 7 





z i i f (ρ十 ε) f 出v 1 Ý (p十品十百I=O
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Y = (1- �:)→ ここでや
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次の運動方程式がえられる。
y' I \ (足 → \ av ，  1 L.，-(p+ε ) (去十V・マ)Vi=-�+�F"ic \ m Iα'X， C 




(五 十 子マ ) v=ーマρ+ρE+ 子 ×亘ーよ (ま+Ê'Y) (3-14) 子(p +ε)




→ 1 aB E+ 一一一= 0 c at 
次に，
(3-15) 














で与えられる。 又， 状態方程式は， G.R.M.と同様で， たとえば断熱変化を行う気体と考えれば(2-
12)式となる。 以上， (3-10)， (3-14)， (3-15) - (3-18)， (3-19)， (2-12)式が， S.R. M.の基礎
方程式である。 ここでは， プラズマを一流体として考えたが， 2流体モデルとして扱うとすれば， 各
成分(その成分をsとする)に対して， 九二(1-V;/c')-+，εs， Vs， ps， q sとして， それぞれの
成分に対して連続の式・運動方程式， エネルギーの式， 状態方程式を考えればよい。 その時， 電流密
度J=Yiq，η， V， 十九q， n， V， 荷電密度ρ=y，q，ηa十γe q e neなどとすればよい。
S.R.M. の基礎方程式系をまとめると， 以下の様になる。
，叫 →
二こ(ηγ)+ div (ηyV) = 0， at 
(3-20) 
(Ê+子×豆)一手(y， q s n， Ê. Vs +令)
A → 
孟(九九)
+ div (Ys叫に) = 0， 




争ーまlr;(Ps 十εJI-divly;(ps+εJ立i十山s E' Vs = 0， 
→ 47r → → 1 aE B=一一一(y，q，η， V， + y， q， n， VJ + at 











p， = const. r， ηs 







強い磁場(10'-" G) をもち， 回転すると考えられる中性子星の大気では， 強い電磁波による電子一
陽電子プラズマが作られる可能性がある。又， 最近では， 実験室でも強い相対論的電子ビームを用い
て， 電子一陽電子プラズマが作られている。その電子一陽電子プラズマでは， 電子， 陽電子が超相対
論的エネルギー(ε:> mc')をもち， 5< c/mc' < 10'で密度が10' -10" cm-'の様な状態が考えられる。
る。この様な超相対論的プラズマで、の波動現象を， 前節で導びいたS.R.M.の基礎方程式を用いて解
析する。ここでは， 一様な外部磁場B。がx軸方向にあり， 磁場に平行伝播する波動のみを考察する。









→ d ← → → 1  3 E rot B = 包(に VJ十一一一一
3V. ρ � . ， ニー マρ"
+ q，九。t
c ， .  p • " c 3t 
rot → 1 3B E十 一 �一二c dt o ， 
div E = 47Te (np一丸)









npo二n" η。とした。添字p， eはそれぞれ陽電子， 電子を表わすo 又' ρP，o= (p払s同0十Eιs剖o
もし超相対論的フブ。ラズマてで山あれば， Pso::> [50としてん。=ρ50 / C 2となる。
4-1 電子一陽電子プラズマ中の静電波




θt ηo ax υ  
βELi= o n t-2ι 3t � 












σ_ en。ωEIV，，- < (k' n. Te-ρe w' ) 
ここで， k'n. Tpヲとんω" k'n. Te千ρed.
弘二JknoVJ
αJ 













ω， - 企豆i_ (2 + . T ， k'トρ \  471'η。e / ( 4-17) 
この分散式を満す波動は， 電子と陽電子が互いに逆方向に振動するモードで， 非相対論的電子一イオ
ンプラズマ中でのプラズマ波に対応するものである。 非相対論的電子一イオンプラズマ中では存在可
能なイオン音波は， 九= Teのときには， 存在しえない。 何故ならば， 電子一陽電子の質量が同じで
あるため， 同じ位相で運動する電子， 陽電子間に荷電分離が生じないためである。 従って， 非相対論
的電子ーイオンプラズマ中で、みられる， イオン音波とのパラメトリック相互作用を通しての電子ブラ
ズ、マ波の非線形現象で、ある 、collapse" は， 電子 陽電子プラズマでは起らない。
4-2 電子一陽電子プラズマ中の磁場に平行伝婚する横波
ここでは， 磁場に平行伝播する横波を考えると基礎方程式は， 次のようになる。
av.y _ (;0; I B. - \ ρ.. � át = q. n. � Ey + τV.z) ， 
avo. (二 R _ \ ρ8.Tt = q， n. \ι-τ f 
aBz _ 4骨n明 ;r ;r \ 1 aEy - --- = 一一二� ( VÞY - Vey)十一C \ • • ' C at 
aR 471'enn ' ;; 一 1 aEz --ι=一 . ( VÞz -V，J +一一一dx c \ . p • eZl C θt 
aEz J_ _l_ aBι-n 
ax ' c at � 
aE. I 1 aBz ー ハ一 一 一 一







(4-22)， (4-23)式を用いて， ι， Ezを消去すると(4-18) - (4-21)式は， 次の様にまとめられる。
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ρIp a;t， 0， 空JLa， o， o，fkdc c 




竺B，ι， o，dt， o， TLa， o |lhz 
0， 一旦oBo ()x， 0，ρeえ，fha， o | |F口c c 
竺� ()x， 一行� ()x> 0 ， 0 ， 0 ， () ; � 予 I I Êy 
0， 0， 竺旦ι，企� ()x> () ; � ()� 0 I I Ê， c c 
二0， (4-24) 
上式より電子一陽電子プラズマ(ん= ρ�ρ， Tþ = T，) に対して， 分散式を求めると
(ω， k' c' ) (ω2一ω;) 14ω;ω， �(ω2 ω;)(ω'�k' c')f�4ω;ω4二0， (4-25) 
となる。ここでω;二47Tn;ぷ/ρ。 ，ωc eno B，/ρ。cである。上式は，屈折率九二kc/ωを導入する
と次の様に変形きれる。
'= 
(与) "=1 ιEtγ ， (4-26) 
ここで， (4-26)式の右辺の第1項は， 変位電流の効果を示す。(4-26)式で表わきれる分散式には，
低周波のAlfven波(ω<ωolと， 高周波の電磁波(ω> (2w;十ω;) y， ) が含まれる。特に， 波数
kの小きい領域では，Alfven波の分散式は次式で与えられる。





で与えられる。(4-28)式の分母の根号内の第1項の1は変位電流の効果で，2w;/ω:ニ47T•ρc' / B; 
であるから， 強磁場になって2叫/ωc三lとなると， 変位電流の効果を無視することが出来ない。
一方， 電磁波は，ω二イ2w了宇Z了でcut-offがあり，kの小さい所では
，:， w. c ω ニ2ωの十ω: +一三T1一一了þ 














a:， V: + i ωc Òx V: - i eno Ò， B+ = 0， 
ρc 
(4-32) 
a:， v_，: - iωc Òx V: + i eno Ò， B+二0，
ρc 
(4-33) 
竺主竺�òx ( V:- V:) - i(ò;-ò，'/c') B+ = 0， C (4-34) 
一方， L-modeに対しては， 次式が得られる0
ò;， V� - i ωc òx V� + i�笠� ò，Bーニ0，
ρc 
(4-35) 
ò;， v-'十zωcòx V-' - i�竺� Ò， B-ニ0，
ρc 
(4-36) 
竺主竺�òx ( V� - V-' ) + i ( ò; -ò，' /c') B-= O. C (4-37) 
R-modeに対しては( 4-32)， (4-33)， (4-34)式から， L-modeに対しては(4-35)， (4-36)， 
(4-37) 式から， それぞれ(4-26)式で与えられる同ーの分散式が導出される。 R-mode及ぴL-mode
に対して， それぞれ速度と磁場の聞には， 次式で与えられる関係があり， 各モードの運動状態は異な
っている。
L-mode : 
V:= �η。ω B+ . V / = - ，1 eη。ω B+， (4-38) k(ω一ωJρC LJ ， V+ - k(ω+ωJρc 
V� = - �η 。 ω B-， V-' 二 eη。ω B- . (4-39) k(ω+ωc)ρC 






分散式を調べた。 非相対論的電子一一イオンプラズマ中の波動とのちがいは， 静電波に対しては， Tp= 
T，ならばイオン音波が存在しえないこと， 横波に対しては， R-modeとL-mode の分散式が一致す
ること， 更にAlfven波に対しては， 分散効果が異なることが示された。 イオンー電子プラズ、マ中の
非線形Alfven波は， 境界条件のちがいによってDeriv ative Nonlinear Schrödinger 方程式， 及
びMixed Nonlinear Schr剖ingej 7)方程式で記述されることが知られてしみるが， 電子一陽電子プラ
ズマ中では， 分散が異なるので， 今後非線形Alfveni皮の解析が必要で、ある。
付録(A) 平行移動の概念， ga/Jとr:λの関係， 共変微分及びそれらに関連した公式:
(A - 1 ) 共変ベクトルの平行移動;
共変ベクトルAは， A， =(òx"/òxi)A�によって変換されるから， その微分dAiは
( ax" 、 éJx，k 1 .4 ' A.' a2 X'k dA， 二dト?A;l= -7dAJ+A 一一十 dx' ， (A-l) \ òx' "'. / 侃 k axi òx' 






じ 直交座標系ではAμ(x+dx)"=Aμ( x) である。一般座標系では，これは成立しないが，直交座
標系に移行したとき守前式になる様に付加項 を導入して，共変ベクトルAμ(x)の平行移動したもの，
Aμ(x+dx) "を次の様に定義する。
Aμ(x+dx) "三Aμ(x)十r'" ，(x) dx レA，(x) ， (A-Z) 
ここでr�，(x)は接続係数と呼ばれる。この接続係数r�ν(x)に課せられる条件はAμ(x+dx)"が点x
十dx で同じく共変ベクトルであるという要請から導びカミれる。即ち
A'"(x' + dx' )" =昨;; ) A， (x+ dx) " 二j (生:)+」)L df l 1 侃 J X+dX .i � lI \ ....v 1 .......， ...... / 11 l \ éJx'μ} I ' åx'μåx'ρ l  
xjAν(x) + r'， (x)dx'Aλ(x) I ， ( A-3) 
ここで dxの一次まで考え，Aν(x)， dx' が，それぞれ共変，反変ベクトルの変換則に従うことを用い，
又，定義式; A'/l(X'十 dx')" = A'"( x') + rゴ(x') dx' レA; (x')を用いて，上式の両辺 を比較すると




" ， ， (A-4) åx a åx' " åx'レ β， ， � ， åx" åx'μåxレ
となる。従って接続係数は，右辺の第2項のため混合テンソルでない。
次に，接続係数r'" ν に対して，次の対称性を課す;
「午= r�ν μ ( A-5) 
これは，一点xでr�"(x) のすべての成分が零になる座標系(測地系 ) を選ぶことが出来ることを意
味する。更に，共変ベクトルの平行移動の際に，共変ベクトルの大きさが不変であるという次の要請
を行う;
gμν (x+dx) Aμ(x十dx)"A Jx+dx)"ニg山(x)Aμ(x) Aν(x). (A-6) 
( A-5lと( A-6l の2つの要請を仮定すると，元来独立な概念であった計量テンソルg μν(x)と接続係
数r�，(ェ)の聞に一意的な関係が導びかれる。この要請を満す空間はRiemann空間と呼ばれて いる。
実際 ( A-5lと( A-6l の要請より，次の関係式が導びかれる。
r:p二円σ「 t r(ghα+g..βー伽)





Cμ(x+dx) u主Cμ(x) - r:， (x) dx ν Cσ(x) ， (A-9) 
C"Jx+dx) u三C帥(x) + [ C同r:λ十Cσνr:λJ dx' ， (A-lO) 
Cρ(x+dx) u三Cμレ (x) - [ CμσFム十C"'r二] dx' (A-l1) 
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A.." aA v == �子- ruνA， 
α'x 匂
aAμ AU=ゴ長了+rむA
aT T#v;λ=ずι一(T""t:+T 仰 r:λ)





A勺=(gμv A.) 'À = 9μνA川，
Aμ= (g凶AV) ;λ=gμνAV;λ 
スカラー関数併に対して
札= 器 ， arþ rþ" = 9五「




































A = A;k = H7￡一(日A; )ー す ま十 Aht ， 




普通の微分では， 関数j( x， y )が特異点をもt::.なければ 2工_ a





( A入山);μ二(aμr�， + r;" r;J Aρ十 (μ， J)について対称、な項) ， (B-2) 
となり， これを用いて(B-1 )式は次の様に変形される;
RムAρ三(a" r�， - aνr�" + r;" r;， - r;， r;J N ， ( B-3) 
ここで， Rムν として次 式を定義する;
R�μν三3μr:， - aνr:" + r:" r二- r:� r:!L ， ( B-4) 
これは， Riemann-Christoffelの曲率テンソルと呼ばれる。 これについての重要な性質が以下にまと
められる。
R�μν= - R�νμ ， (B-5) 
K. + R:. .十 R:削 = 0 ， (B-6) 
Lm ZOn Rn = 41旦ι+ 4弘 斗入 主白下}iI' "k'. 2 \ ax k ax' ， ax ' ax. ax ' ax. ax' ax ' ) 
+ 
gnp (r:， r二- r.. r:，) ， ( B -7) 
凡
山= - R.... ， (B-8) 
丸
山
= R...， ， (B-9) 
九削. = R，.，. ， (B-10) 
R.削m十 九叫+ R.... = 0 ， (B-11) 
R�μνは時空が曲っているか， 平坦かであるかの判定に使用きれ， 空間のある部分域Q が平盟である
ための必要十分条件は， Qのいたる所で R:μνのすべての成分 が零である。
R�μν から縮約によって2階テンソル; Ricciテンソル Rμν， 更に縮約によってスカラー曲率Rが導
びカミれる。








Rιレ，λ十R;叫μ+ R;いレニo ， 
ここで， g植をかけてαとνについて縮約すると，
(R J- ÷ m ) λ _ 0 ， 
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General-Relativistic Magnetohydrodynamics 
by Jun-ichi Sakai and Tsutomu Kawata 
The basic equation for General-Relativistic Magnetohydrodynamics is reviewed. 
The two-fluid model equation for Special-Relativistic case is derived. Electrostic and 
electromagnetic waves propagating parallel to the magnetic field are investigated in an 
ultra-relativistic electron-positron plasma. The dispersion relations are given for 
electrostatic plasma wave, Alfven wave and electromagnetic wave. 





一様な外部磁場中の無衝突プラズマ内に誘起き れる磁気流体波(低周波振動波) は， 天体プラズマ
のみな らず核融合プラズマにおいても重要で、あり， 特にアルフ エン波は天体的 スケールでイ云播し興味
深い。近年， それ らの非線形性 を考慮した一次元伝播 問題が， 谷内等により系統的に扱われた。 それ
によれば\磁気流体波を構成する2種の波， 磁気音波とアルフェン波は， それぞれ Kortewe g de­
Vri es(KdV)方程式と変形KdV方程式という単一の非線形方程式に帰着される。こ れ らの扱いでは，
波の伝播方向は磁場の方向と一致せずにある一定角￠をなすものとされた。線形理論によれば， アル
フエ ン波は 戸 んど磁 場方向に伝播する。こ の平行伝播における非線形的 な扱いは， まずRo 唱gis凶t旬er，
次いで川原， Mjo l husによって行われ， 微分形非線形シュレディンガ一方程式( Der ivative No mli­
ne ar S hrるdinger略して DOLS eg.) が導出された。DNLS 方程式の弧立波解(So litary Wave 
So lution) は， M戸l}111;によって与え られた。又， 数値解析によって平面波的 な初期 値の変化が調べ
られたが， 適当な条件において通常の分散性媒質中の波動にはみ られないショック波的 なれつつ立ちか
が生じた。一方， 市川等は， 平面波的 な境界条件で現われる弧立波を調べ， それは鋭いパルス的なも
の("S piky So litonつになりうるこ とを でLた。 き て， 一連の非線形発展方程式の正確解， 特に
So liton 解を与えるいくつかの数理的 な手法が開発され， それに伴って物理学に広〈適用された。 特
に逆散乱法は， 非線形発展方程式の初期 値 問題を解くのに効力を発揮する。無限遠方で解が 速やかに
消失する境界条件のもとでのDNLS方程式の解法は， Ka u pと Newellによって与え られた。一方， 拡
張された境界条件， 無限遠方で解が 定数， 更には平面波に近づくケース ， で、の逆散乱法による解法は，





と異った係数を持っており， 音 速C， とアルフェン 速度町の比β(ニC./ VA) が1 ，こ付づくと共鳴現象
が生じるこ とを示す。可能な境界条件が吟味され，(i)定数形境界条件と( ii )平面波形境界条件の 2
種の存在が明かにされる。 最後に逆散乱法の結果を使ってSo liton解の性質が論じ られる。
1 . 一次元伝播の基礎方程式
プラズマを構成する粒子， 電子とイオン(質量を m e， mi， 電荷をeとする) が理想気体と見倣せ




(1. la) 0， 






ここにマ 三ia/ ax 十j a/ay + k a/az である。粒子の運動は， 電磁場E， B によるローレンツ力と
圧力勾配 による力で決め られる。つまり 電子， イオンの圧力をp" Piとすれば， 次の運動方桂式か、
成立つ。
nhi旦= - e (E十l u e ×B) - i マP e ， dt � ，� c η e ... t"  (1. 2a) 
( 1. 2b) m jEze ( E+i uιX B) ユマP i ・dt � ， � c ηι 
Maxwell方程式は次のようになる。d/dt斗Ve，i' V である。cは光 速度，
( 1. 3a) 
昭 一 白
一一E × マ
( 1. 3b) 1 aE 47Te マ XBニ一一一一十一一一(ni V， -n e  v el . c at c 
( 1. 3c) 
プラズマが 電気的に準中性 (九二九ι主ル)であり，又系 に生じる振動がゆっくりしていれば変位 電流
が無視でき( aE/計三0) ， 上述の3ヶの方程式か ら 電場E と 速度V eが 消去できる。運動方程式と
Maxwell 方程式は， v=一(C/47Tηe)マXBとして次のようになる。
マ .B = O. マ .Eニ47Te( n i一九e)， 
( me十mJ ( 五十[V，マ J )ーイ [訂J Vi十v)十(五十[V，マ J ) v} = 
( 1. 4) ニ - I D × B ー ユマ (P e十P;) ， C η  
Vi e aB e �， ， '  ， ， _， � ， ， / 1 � \ m，マ × どv， 十 一一 ニ マX( V iXB) ーマX ( マPi ldt c at c • "' ，"-， ."\η V ' 'j ( 1. 5) 
以下， n， Vι， Bは，(1.16)， (1.4)， (1.5)式は， 3ヶの変数(n = n i， V i， B ) に関し閉じているo
x軸放向にだけ変化するとする。ベクトル V i， Bの成分を，
B = iBx+ jB y十kB z，Viニiu + jvy 十 k vz，
まず連続の式(1. 16)は，
ðn . a 一一 十←一一 (叩) = 0， at ax 
と 表 すと，
( 1. 6) 
として， (1.4)式はとなる。 引土 x 成分を持たない事 に注意する。 むこ(0， ゐ， Vz) 
(1. 7a) 
( 1. 7b) 
_ � ， 1 a ( me十m，) ー←ー ニ ヱ( vzBy - vyBz) ←一一一(P汁P，) ， dt c ， vz�y v y η ax 
ヱ むzBxc 
つムハU
( me十mi) d，�Y 十 m 12三二dt . uee dt 
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(1. 7c) ( me + m.) dJ�
z 十 m 11ェ_(!_ v" B dt ' '' '' dt c 
又ゐ， Vzは次のようである。ここにd/dt三a/臼十u a/ ax， となる。
( 1. 8) c aBy vz 二二 47Tne ax 
c aBz vy -47Tηe ax ' 
( 1. 5)式を書き下そう。
( 1. 9a) 
( 1. 9b) 
ハU一一
紘一白
a ( dvy \ _ e 月RI <.L，� 1 = 一 一一乙+ -'é___ � (vz Bx - uBJ ， 
， ax\ dt J c at c 
θ( dvz \ _ e aB m; :: ( U1� ) 一 +一 (vy Bx -uBy 
， ax \ d t J c at c ( 1. 9c) 
( 1. 3c)式のマ'B=0と( 1. 9a)式により， Bxは(x -t)に関し定数となることに注意しておこう。
( 1. 8a)式右辺第2項 の圧力項は， プラズマが理想気体の状態方程式.
(1.10) 
当然(x十t )に依存しな
Fi=η Ti ， 
に従うものとする。 ここに主， T，はそれぞれ電子， イオンほ温度であり，
い。 以上を整理して， 次の ‘次元伝播の主主礎方程式にいたる。
Jう=η工，
(1.11a) み1 a +�(ηu) = 0， at δz 
du 1 . 1 .  a (B :+B;\ I Te+Ti 1 an_/) 
dt 47T(mi+me) n ax \ 2 / ' m，+mi n ax � (1.11b) 
i主主 ー 1 R.aBy -L __ me c d ( 1 aBz \ (�. v:: 1 = 0， (1.11c) dt 47T(叫十me) η ax ' 47T( mi十me)e dt \ n ax / 
dvz 1 R aR me c d ( 1  aB， \ ( ----=- . v��Y )ニ0， (1. lld dt 47T( m，十me) n ax 47T(mi+m，)e dt \n ax / 
dBy I n au n avy mi c a ( dvz \ 一� 十B ← B 一一一一・ | 一一一 lニdt ' �y ax �x ax e ax \ dt ) (1. lle) 
) Fly­-Eよ1EA 
• 
1ょ( O. dR � au � a円 mi c a ( dvy \ � �z 十B之 -B 一一三一+ ・ ( �J": 1 = ax �x ax e ax \ dt J 
2. 線形理論と分散式
プラズマに固有なノfラメーターを導入して， 基礎方程式( 1 .11)の無次元化を行う。 一様な磁場Bc
と密度ηcによって特微づけられるプラズマ中の波動を与える。 一次元(x一方向)伝播を扱うので，
一般性を夫わずにBc= i Bxc十j Byeとして良いことに注意しよう。 Bc= I Bcl とすれは Bxc二Bc
. coscp， Byc Bc s incp と書ける。 ここに￠は， 外部磁場Bc と波の伝播方rílJのなす角度である。
良〈知られなプラズマ・ パラメーター・アルフェン速度引， 音速C.<: ， 電子及びイオンのサイクロトロ
ン周波数ωce，ω白は次式で与えられる。
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， T十 1二c， 二二 一一一一一一一m，+me' 
eR 
Wce 二二 一一一二一 ， 
作Le C 
eR 
W" -一一ー一一一m，c (2. 1) 
密度， 速度， 磁場を それぞれηc ' V A， Bcで規格化し， それらにはプライムを付ける。又時空変数に対
しても， 特性パラメーターωcを考えて， t' ==ω'ct，x'=(ω，j V A)Xなる無次元化を行う 。 改めて， プ
ライムを取れば， ( 1. 11)式は以下のようになる。
みL ， a 寸ー( 附) ニ0，at ' ax 
du ， 1. a I B :十 丘、 l β' anーハ
dt ' η ax\ 2 / ' η ax  � 
dvy BI aBy ，  d I 1 . aBz \ _ 
dt η aX '�e dt \ n ax! 0， 
dvz 一主笠乙ー !i {�. aBy \ _ n dt η ax �e dt \η ax / � 
dBy ， n au n avy a ( dvz \ 一 L十 β十 B α I _，VZ I yax �I ax �'a x\ dt! 









但し， d/dt-== a/ at+ua /  ax， β=CjVA，α， e ωjωi e 0 簡便のため6元列ベクト ルU = (n， u， v.， 
v.， B.， B.) を使おう。(2.2)式の 定数解が， プラズマを 特徴づけるべきである。BIは常に一定であ
るこ とと， 先程触れた外部 ー様磁場の設定より， 次の 定数解を取らねばならない。
Uc = (1， uo VYO V zo s in<p， 。)， BIC二 cos<p . (2.3) 
こ の 定数解近傍で(2.2)式を線形化して得られる波動は， 外部磁場に角度￠をなして伝播する。
U(ぬt) = UC + U( x， t) を(2.2)式に代入すれは、' 次の 定数係同次線形方程式を得る。
L (d" aI) U (ぷt) = 0， (2.4) 
ここに， aI -== a /  ax， d，三a/at十uca/ ax， 又L (d" aI) は行列演算子で以下に与えられる。
L (d" aI) = 
: 0， 0， 0 。L，( d" aI) : 0， 0， sin<p ・ aI， 0 
0， 0 
0， 0 : 
0， sin<p・aI : 
0， 。
LA (d" aI) 
cos <p. aI，α，d， aI 
山， a) = ( 32d ) LA(d， ，aI) = 
d" 0， 
0， d" -α，d， aI，一 cos <p・4
- cos <p. aI， α，aI d， ，d" 0 
G， aId， ， - cos <p・aI， 0， d， 
(2.5) 
U (x， t) = U o  exp C i( kx ωt) Jを(2.4)式に代入する。 零ならざる定数ベクト ル U。が存在するには，
波数 kと周波数 ω は次の関係， つまり分散式を満たさねば いけない。




D (  w， k)三D. ('W，k)DA ('W， k) - sin'cp D師， ('W， k) = 0， 
ここに， D..A = det L..A 等は以下に示すとおりである。
(2. 7) 
(山)=FK -u D4k ( UK+cos刊)( ， 1 (2. 8) 2 -4 ...... 2 1 ... I 1 / 2 I 2'\ � 2 I DA (白"k) =(1+αe a， k') ω - 2 cos'cp' {1+ �(α;+ q)kikU+cos}-F. 
(2. 8) 
分散式は k -w平面の第一象限に限れば充分である。￠手0では， 2ヶのモード;磁気音波， ア ルフ
エン波， が存在する， 特に平行伝播( cp=O)では， D. (白�k) = 0とDA ( w， k) = 0に分解される。
前者は純粋な音波に帰着され， 一方後者は更に因数分解される。
DA (白�k) = DR (白"k)・DL (W，k)=O， (2. 9) 
DR (ω" k) = (1+α.αe k')ω '+ (a， -αe) k'ω -K2， 
DL (ω'，k) = (1+a，αe k')ぷ十(αe - a，) k'ω - k' 
こ の事は， ア ルフェン波が更に 2種のモードに分解されるこ とを意味するoa，>αeに注意 すれば，
k一品面の原点付近で， DR (占"k)ニ O及びDL (白'，k)= 0は， それぞれ次のように近似される。
ω/ k� 1 + (α， 一αe)k/2 ， ω/kミl一(a，一αe)k/2 . (2. 10) 
これは良く知られた平行伝播のアルフェン波の分散式である。この 2種の波の物理 的相違を調べるた
めに， (2.4)式を平行伝播に設定し， 磁場成分 (B.，B.) のみを未知変数とする形に直す。 改めて，
( B.， B.)=(B.o， B.o)exp (i( kx 一ωt) )を代入すると，
(:川
)- 'W'， i( ae - a， ) k向 山
1 1_ 1 = 0， 
i(αe- a，)k'弘 (1一αea， 'W') - 'W'} \B.o} 
(2. 11) 
が得られる。こ れよりi B..1B.oを求めるこ とができ る。分散式 DR (白'，k)= 0とDL (ιk)= 0 に対
応して そげぞれ， i B..1 B.o= + 1，ー 1 となる(これには必ずすも kが小さくなくても良い )。従って，分
散式 DR ( 'W， k) = 0には右円偏波， DL ( W， k) = 0には左円偏波となる波が対応する。
3. 摂動輪と微分形非線形シュレディンガ一方程式
マ ルチ・ スケーリングによって(2.2)式を摂動展開して， 平行伝播の非線形理 論を与える。まず
(2.2)式を， 少し修正しておく。
み1 θ
一十 ( 叩 )= 0， at ' ax 
du I 1 a � B l' \ I ß' àn _ F\ -一一一一一一





dv 1 åB . d I 1 åB \ ハ




+ 弘 一 bB + ゐ一b必一白
(3. 1d) 
U二九十ivz， B= By + i Bz ， である。小さな ノfラメータ-Eてやここに v，B は複素変数，
u二 u(O斗EU(1斗・・ ， η=1+Eη(1斗・・・・，
(3. 2) B=E活(B(l)十EB(21十・・・・ )， v= EY， ( VIII十E V(2)十・・・・ )， 
独立変数(x，t ) を次のようにスケーリングする。又，と 展開しておく。
(3. 3) T二E't. ç= E(x- ct )， 
この時， 各微分演算子は以下のように変換する。
å å 
1玩-E åç ， 
å å ， ，å θt 二 一 CE亮TE五 '
J ハ å ， ，1 å ， ，βl 」と -E( u(OL c) 十E ' (:: + u(1l三1+...... . åç ， � \ år ' � åç) (3. 4) 
(3.2)， (3. 4)式を(3.1)式に代入して， E のベキ を 比較すれば次式を得る。
JZ(入η(1)十U(II)ニ 0，åç (3. 5) 
立(入U(1斗 � IB(川2十ß'η(1))= 0， åç ， ，，� • 2 (3. 6) 
(3. 7a) 立(入vl1)- B(1)  = 0， åç 
(θ + u'θ.) vl1) + n(1) 制1) ー 柑1) å ，V-.�2 ::s;.( B2)一 入 V(2)) ， år ' � åç θç "" �e åço åç (3. 7b) 
(3. 8a) 
( 3 t U N
1) ゐ(1) θ一十d1)-l B(1)十B(1)--"::ー 十 は α � 二一( V(2)一 入B(2)) . 3τ åç} � ， � åç ' " "  �i åÇ" åç 
ここで， 入= u(O)- c である。(3. 7 a)， (3. 8a)式は， 入， 1でないと 背理 を生む 。以下， 入=- 1とし
(3. 7 b)， (3. 8b)より B(21， vl2)を 消去する。 肩 の 添字(11を 落してしまうと， (3. 5)， (3. 6)， (3. 7 a)式
は， 次のようになる。
(3. 8b) 
JZ(入B(1)- V(1)) = 0， åç 
(3. 9) λå f �， 1，�， \ å ::'" ( u一 九)=と( u-βη _ �IBI') =と(v十B) = O. åç ，� '"' åç \ � 1" '" 2 ' �' } åç 
(3. 7b)， (3.8b) 式は次のようになる。
åB ， . ， ， dB :: (v-B)一 一( uB)十( n-u ) 一一一 + i (αe一 α ，) 一一了 二O .3τ åç '��' ' "" �' åç " ' �. �" åç (3. 10) 
(3.9)， (3.10)式は 広いクラスの解を 含ん でいる。 それは(η，均 的 B ) の t→ ∞の境界条件によ
って 区別きれる。解の有界性から， 正弦波に振動する条件， 平面波形境界条件が 最も一般性 がある。
�106 
富山大学工学部紀要第31巻 1980 
そこでBe， B，。を複素定数として， B(ç， τ) に対する次の境界条件を仮定しよ う。
B(己r)→Be exp (i (時一ωτ))+ Bo ， ç→一∞. (3. 11) 
β2チ1な らば， (3.9)式よりn， uを B で表わせるが， Be とB。が共に零でない時， η， uの境界値も
振動する。しかし(3.10)式によれば， 左辺第2項の非線形効果から第2高調波が発生して背理を生む。
従って， (3. 11 )式においては以下の3種のケースが可能となる; ( i ) BeニBo = O( 消失形境界条件)，
( ii )払=0， B。チo (定数形境界条件)， (iii) Beヂ0， Bo = O(平面波形境界条件)。この3種の境界
条件は， Be， k， ωが零になりうるとすれば， 改めて次の様にかける。
B(己r) →Be exp (i (時一 ωτ ))， E→一∞ (3. 12) 
この時， k， ωには後で示すが条件が付加され， k→Oでは ω→0となる。それで， n，
で定数に近付く， つまりη→η。 ，U-→Uo・ 実際(3.9) 式を積分して次の形を得る。
u はt→一∞
1 η = 2(1_ß2) ， I BI2 一IBe12) +η。 ， r，f， 
1 n2 \ ( IBI2- IBeI2)+u 2(1βj り=-B十Vo・
(3. 13) 
これを (3.10) 式に代入すれば， Bに関する単一の非線形偏微分方程式が得られる。
. aB αe-a， íJB i a ( (  Inl2 ln I'\nl i In aB z一一+一一一・←7十一一� �"I( I BI2- IBeド)Bf =一 (2仇 一九 。) 一一3τ 2 aç" 4(1-ß') aÇ I' I �l l�e l /� 1 2''"'''0 "01 aÇ 
(3. 14) 
これは， 微分形非線形シュレディンカ、一方程式 (DNLS eg.) と呼ばれねいる。所で境界条件(3.12) 
は， DNLS方程式においても満たされていないといけない。(3.12) 式を(3.14)式に適用することに
よって， 先程触れたω" kの関係式， 分散式が求まる。
十 一(Uoー ト ) +
行 h (3. 15) 
線形理論にもれば (例えば(2.10)式を見よ)， 右円偏波の位相速度 ( = ω/ k) は， ドップラ効果を除
けばアルフェン速度より弱大きし 左円偏波の方は 弱小きい。(3.15)式でUo， noを落せば， その位相
速度は， 入= u(O)-c=-1 とした事と(3.3)式のスケール変換を考慮、して， アルフェン速度より小さい
ことがわきる。故に， (3.14)式の記述する B=B. + iB，は， 左円偏波の非線形な振舞を与える。そ
れに対して， B=瓦- iB，についての方程式も同様に導出できる。結果的には(3.10)式以降において
ai， αeを交換すれば， 右円偏波を記述する方程式になる。
(3.14 )式は， 音波の寄与(1β2)一1を含んでいる。アルフェン速度と音速が近付くと， 両者の相互
作用が累積的に増大する ( 共鳴相E作用) ことを示している。(3.9)式より明かなごとく， ß=1では，
Bとη， uの関係が定まらない。これは今後に残された興味深い問題である。
4. Soliton解について )
(3.14 )式の従属変数， 独立変数を(3. 1)式におけるBとx，tに還元するのは容易で、ある。簡単のた
め， プラズマ密度の摂動と伝播方向への速度の摂動が遠方で、消失するとし， アルフェン速度で動く座
標系を取ると， (3.12)， (3.14) 式は次式に帰着される。
. aB ， a， αe íJB z 十一一一・----;:::-r十一一一「・:: I ( θt 2 ax" 4(1-/:.プ)iJX
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B( x， t)→B- exp (i ( kx一ωt )) ， r→ ∞ (4. 1b) 
但し， ( k，ω) は次の分散式に従う。
ω/ k= (1/2) (a，一偽)k . (4. 2) 
これらは左円偏波に対するものであるが， αtとαeのE換より右円偏波に対する表示となる。ここで注
意 すべき点として， (4. 1a)式は時間に関し一階であるので， その初期値B( 為0)を与えれば， 解は一
意的に 定まる。しかし， こ のzの変域は(一∞， ∞) であるから， B( x， 0)のz→土∞の振舞が， こ
の種の初期値問題の解の存在 性 を左右する。 所で(4.1b)式に対応して x →+∞の条件も指定せねばな
らない。(3.11)式以降に行った考察をz→∞の境界条件に修正する。(4.1b)式に対して，
B( 為t)→B+ exp ( i  e x -ω+t)) ， x一→= ， (4. 3) 
を得る。( k-+;ωウは(4.2) 式と閉じ分散式に従う 。 IB+I=IB-I， k= k+の時， かかる初期値問題は，
逆散乱法の意味で可解となる。以下にこ のケース を扱う 。次の変数変換を導入する。
B( x， t) = B( X， T) exp (i ( kx ωt)) ， X=x一(a，一ι)kt， T=(1/2)(a，一α.)t. (4. 4) 
これにより 問題は， 定数形境界条件についての形に変換される。
. aB ， élB 
i 'áÿ + 'á; - mi Q å:玄 !( IBIド2一 IB"叶 l') Bf + 2mR' ( 
B( X， T)→Bぺ X →±∞ ( 複号同順) . 
ここに m= ::!::1，又Q， R'は正数である。
Q- 77Z n2- 771k - - 一 一2(a，一α.)(1一β') ， ι 4( a，一α.)(1 β') 
|きI'-IB"ド)左= 0， (4. 5a) 
(4. 5b) 
(4. 6) 
Q， R'が正だから， m は(a， α.)( ß'-1) の符号， つまりm=sgn !(a，一ι)(β'_1) Iと考えて良い。
(4. 5a)式は， DNLS方程式の非線形項と通常の非線形シュレディンガ一方程式の非線形項を持 って
いるので複合形非線形シュレディンガ一方程式(Mixed Nonline ar Sc hrるdinger， MNLS eg.) と
呼ぶ。 それの逆散乱法による解法とSoliton解は， 筆者等によって与えられた f jここでは代表的な定
常Soliton解を示すにとどめる。 特に mニl のケースでは，
IB( X， T) 1'= IBot l' { 1+ 月一 一仁 、 (0 }， (4.7a) 
IB土1'= 4( R/Q) 'cosh ' ø ，  V = -4m( R'/Q) e8 cosh θ， 
H = 4sin e・cos'e. x ， W-1= 2QIB土I'sin e・cos e. x ， X ro_ ..e，8 D (�����) 2s inh ß \ coshゆJ ' 
(4. 7b) 
正数ゅは境界条件で定まるが， ß( 1θ1 < φ )  ，ψ( ∞<ψ <∞ ) 及びε(=-1又は1) はスベクト
ル・パラメーターと称される定数である?)尚， sin e = sinh ß/ sinh ゆ( le l<7T/2) であるo m== 
-1 では， cos e = cosh ß/ coshゆ と 定義し直し， (4.7a)， (4.7b) 式中のß， ø， e についての， 次
の函数の交換， sin( ・)， sinh( ・).._コcos( ・)， cosh( ・) から， その解が得られる。一般的な
Solitonは周期的な振動(Pulsat ion) を行い， (4.7) 式のように 定常に伝播しない。又， 定常Soliton
は， m=1で境界値IB士|が割に小さい時は存在できない。しかし定常Solitonは簡単 な表 式を持つ
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ので 扱いに便利で、ある。 今m=-1， Q= 1 ， 1 B士|が有限値， なるケース を考える。ゆ が十 分ノl、きく
なる 様 に kを選べる ( kを十 分大き くす れば良い ) こ とに注意すれば， 次に示す近似ができる。
H-;;:2j1一 ( 8/ゆ) 'f， W-1-;;: IIft l'll一 ( 8/ゆ) 'f �/ゆ ， cos e �1 .  ( ゆ く1) (4.8) 
これよりSolitonは鋭いパルス状 (Spiky Sol iton ) になるこ とが判る。一方 IB:l:iを有限にとどめ
てが→1の 様子を考える。(4.6)，(4 . 7b) 式 より，
IB:l:I'=-4mk(a，一αe)(1一β')・cosh 'φ= 4kl(α=一αe)(1-β') 1・cosh' rþ • 
kがやはり有限だとすれば， 1く2cosh φ三eØ， 又こ れからx→1 となる。 H三五4， W-1三五2QIB土1'，
特に Wα(1-β，) となる。これも鋭いパ ルス状 となる。 (m=-1 も同様で、ある。)
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Nonlinear Alfven weves 1n a 
collision-free plasma 
Tsutomu KA W ATA and Jun-ichi SAKAI 
Hydromagnetic waves propagating in a collision-free plasma are investigeted on the 
basis of hydrodynamical transport equations . Under the consideration of the electron and 
ion temperatures, we derived the basic equations which describe the one-dimensional 
propagation with an angle against the external magnetic field . By using the multiple sca­
lling method the derivative nonlinear Schrodinger equation is derived for the descrip­
tion of the nonlinear dehaviour of Alfven waves propagating parallel to the external 
magnetic field . As the effect of temperatures, the coefficient of nonlinear term is modi­
fied by 1/ ( 1-,8'), where ,8 is the ratio of the sound velocity and Alfven velocity . Using 
the result of the inverse scattering method, we examined the stationary solitons and fou­
nd that the peculiar modulation ("spiky soliton") arises from the contribution of the 
plane wave boundary condition and the resonant interaction appearing in the case of ,8 
---->1 .  
( 1979.if-lOJ131 8 1t:E!I!.) 
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Summary 
The parametric amplification in a transmission line with nonlinear capacitors is 
analysed theoretically using the equations of three wave interactions. Since this line 
has two modes: high frequency and low frequency modes, there may occur some modecoup­
ling phenomena through the resonant interactions. We consider three waves with wave 
number kj and frequency wj in resonance with each other, that is, w, + w, = w, and k, + 
k, = k., where 0 ;;;;; w, ;;;;; w, ;;;;; w, and k, � 0. Such conditions are realized in our net­
work and there exist two states: "forward state" (each group velocity is positive) and 
"backward state" (one of the group velocities is negative). The coupled equations of 
three waves has two constant pumps: high frequency ( H F) pump and low frequency ( L F) 
pump. Using linear approximations, we examine the possible types of parametric ampli­
fication and obtain the power gains depending on the frequency deviation. For only the 
case of H F  pump we get the gain between signals with seme frequency and also get the 
gain from the low frequency signal to the high frequency signal ( "up-conversion") for the 
L F  pump. The nonlinear analysis gives the exact relation between input and output sig­
nals. For the forward state the gain is absolutely suppressed by the ratio of pumping 
power to input power, while the gain of backward state has no finite maximum and there 
may appear an "oscillating state" if the pumping power is comparatively small. 
1 . Introduction. 
The parametric effect is well-known as a mechanism of signal amplifications in a 
Ill 
lumped electric circuit with a nonlinear capacitor. This effect depends on the resonant 
interaction among three signals. We often encounter such a phenomenon not only in a 
(2) 
electrical network but also in a wide field of science: nonlinear optics, laser physics 
(3) 
and plasma physics etc .. 
A .  L. Cullen examined the parametric amplification in the transmission line consisting 
of segments with a seriesed inductor and a shunt nonlinear capacito�
1
• The pulse satula­
tion effect of this line was also reported by A .  C. Scott et al�5
1 
This line is nondisper­
sive, then there do not occur such phenomena as "backward" interactions and "oscilla­
tions". If we want to realize the backward operation in the electrical network, it is 
necessary to make the circuit model as the two modes system which is of course disper­
sive. For such a system, however, the resonant conditions can not be always satisfied 
then it becomes important to evaluate the effect of matching loss. 
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As shown in ref. 5 and 6, we can analyse the nonlinear behaviour of the parametric 
amplification to some content by using the basic equations of three wave interactions. 




etc.. Recently (9-11) the initial value problem had been solved by the inverse scattering method under the ra-
pidly vanishing conditions at infinity. 
In previous pape?�;1
3i.ve analysed the wave propagation of nonlinear dispersive waves 
and derived the basic equations of three wave interactions in distributed networks with 
nonlinear capacitors. Our transmission line has two modes: high frequency mode ( H F  
mode) and low frequency mode ( L F  mode). Then we can expect the parametric ampli­
fications with both forward and backward types and are interested in the backward os­
cillations. 
In this paper we analyse the parametric amplification from the view point of three 
wave interactions. Possible types of signal amplifications and the corresponding gain 
with dependency of matching loss are derived systematically by the linear approximation. 
The nonlinear behaviour of typical cases are made clear for both forward and backward 
states. The results of this paper are summarized in the following. 
The coupled equations of three waves have two kinds of pumping states with con­
stant amplitude: high and low frequency pump ( H F  and L F  pump, respectively). Only 
the H F  · pump is unstable and decays into two low frequency waves (parametric decay 
instability). On the other hand the resonance conditions in our line allow two classes 
of mode coupling and there occur two kinds of interaction: forward and backward intera­
ctions. For the above each case we calculate two kinds of gain, the normal gain GN and 
conversion gain Gc, which are defined between signals with same frequency and with 
different frequency, respectively. Generally the both gains satisfy GN I Gc- 1 . From 
the linear analysis we can get the dependency of frequency deviation (i. e., matching loss) 
and obtain the relations GN > 1 and GN < 1 for the case of H F  pump and L F  pump, res­
pectively. The nonlinear analysis explains the difference between the forward and the 
backward states more exactly. In the forward state the gain is suppressed by the ratio 
of pumping power to input power, while the gain of backward state has no finite maximum' 
if the input power is comparatively small. Furthermore there appears an "oscillating 
state'  under certain boundary conditions. 
Finally we estimate the half-power band width approximately. 
2. Circuit Model and Basic Equations describing the Three Wave Interactions. 
Our circuit model is given by ta­
king a continuous limit of the nonline­
ar transmission line as shown in Fig. 
1 where each circuit parameter 1s 
denoted with the distributed value. 
Each section of this I ine is construc­
ted with a series inductor L, and the 






Fig. 1 Nonlinear transmission line. 
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L,- C , element and a nonlinear capacitor C( v) where v is the line voltage. 
In the following we list some necessary matters for this paper from our earlier 
Q3) 
report. Taking the model of the nonlinear capacitor as C ( v)=Cw +Cu (v/v,.), the dis-
persion relation of this line can be given by 
where w is the frequency and k is the wave number. The other coefficients are related 
to the circuit parameters as 
·- Cw+C , w.- L, clO c. • 
2 1 
2 1 w, = L, C , ' 
c. = L, ( C ,. + C ,) ' 
2 1 v =---' L, C ,. 
Since eq. (2. 1) allows two modes: high frequency mode ( H F  mode) and low frequen­
cy mode ( L F  moe), we can expect several mode coupling phenomena under certain con­
ditions. The most basic process of these phenomena is three wave interaction. We 
consider three waves with characteristic frequencies w, , w,, w, and wave numbers k,, 
k,, k. satisfying the resonance conditions, 
w , + w ,= w., k, + k, = k., ( 2. 2) 
where we assume all the sign of w. to be positive and impose the conditions 0 � w, � 
w, � w. and k. � 0 without loss of generality. Following two classes of the mode coup­
ling are realized in our case. 
[class- 1] " Two high frepuency waves with ( k., w,) and ( k, w,) belong to the H F  mode, 
while the other with ( k,, w,) belongs to the L F  mode7 
In this class the following critical case is included, 
w, = 0 , (2. 3) 
where we is determined from the relation v •• = c. . Such a case has been treated in ref. • 
14. Then we set 
v •• < c. < v •• ' 0 < v., < c • .  ( 2. 4) 
We remark that the sign of v., (or k,) may be positive (called as "forward state") or 
negative ( "backward state"). 
[class-2] " Two waves with ( k., w,)  and ( k, w,) belong to the L F  mode, while the other 
to the H F  mode." To realize this case, we must impose the condition w, � 2 w,. 
Furthermore this class includes only the backward state ( v., < 0 ). 
We can derive the equations describing the three wave interactions under the con­
ditions (2. 2) by using a derivative expansion method. We take the lowest approxima­
tion of the normarised voltage· as 
3 
vi v,. = � A. ( x, t) exp [ i( k . x- w. t)] + c. c., ( 2. 5) 
n=1 
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where c. c. stands for the complex conjugate of the preceeding term. The behaviour of 
the complex amplitude A. can be well described by the following coupled equations, 
aA, + at 
aA, + at 
aA, itJM, A, A: v., ------;:;;; = 
a A, itJM, A, A� v., ------;:;;; = 
a�, + v., a� = itJM, A, A, , 
(2. 6a) 
(2. 6b) 
( 2. 6c) 
where () = C., I C,. and A* denotes the complex co jugate of A. The product tJM. is a 
coupling coefficient, where 
The group velocity v •• is given by 
Vgn == Ve 
( w:-w; ) + (w;-w,')' 
w: -w,2 ( w: - w,2) 2 + wi2 ( w; -w,2) 
3. Parametric Instability. 
( 2. 7) 
( 2. 8) 
The equations ( 2. 6) of three wave interactions have constant solutions. In this sec­
tion we analyse the instability of the following solutions, 
A,= A,= 0 , A,= A,. , 
A,= A,= 0, A,= A,, or A,= A, =0, A,= A,, , 
( 3. 1) 
( 3. 2) 
where these are constant solutions of eqs. (2. 6). From the fact that w, is larger than 
w, and w, we call the states eqs. ( 3. 1) and ( 3. 2) as the high frequency pump ( H F  pump) 
and the low frequency pump ( L F  pump), respectively. 
To analyse the linear stability of the H F  pump, we take the solution of eqs. (2. 6) 
as 
A, = A, ' A, = A, ' A, = A,. + A, ' 
then we get the linearised equations as 
oA, + oA, ·s-M A A* at v., ----a;; = w. • ,, , , 
aA: + ali* at v., a; = - ioM, A;, A, , 
aA, + aA, 0 at v., ----a;; = . 
From eqs. ( 3. 3a) and ( 3. 3b) the dispersion relation can be obtained as 
( Q - v., k) ( Q - v., k) +a' M, M,IA,.I' = 0 , 
( 3. 3a) 
( 3. 3b) 
( 3. 3c) 
( 3. 4) 
where we assumed the perturbations A, and A:' as exp [ i( Kx- Q t)]. From the criterion 
that Q becomes complex, we find that the waves with the following wave number region 
are excited, 
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IK I < K.=2o JM,M, IA,pl! lv.,- v 
•
• l. ( 3. 5) 
This means that the H F  pump is unstable and decays into two low frequency waves, then 
we call this situation as the parametric decay instability. We can easily get the maxi­
mum growth rate Q , . from eq. ( 3. 4), 
Q , . = oJ M, M, I A,p I . ( 3. 6) 
The stability of the L F  pump can be made clear in a similar way as the case of H F  
pump. Taking the perturbations of this case as 
A. = A., A, = A, , A.= A.p + A. , 
we get the linearised equations as 
{ aX. + aA. = at v •• ax 
- -
aA, + aA, _ at v., ax -
ioM.A:p A, 
ioM, A.p A. 
where m and n are paired suffixes and are defined as 
(m, n) =(l, 2) or ( 2, 1) . 
The dispersion relation is obtained as 
( Q - v 
•• 
K) ( Q - v., K) - a' M. M,l A • .i' = 0 . 
( 3. 7a) 
( 3. 7b) 
( 3. 8) 
( 3. 9) 
On the contrary to the H F  pump it can be easily shown that the L F  pump is stable. 
4. Parametric Amplification (Small Signal Theory). 
In this section we examine the possibility of the parametric amplification by using a 
linear approximation. Using the general theory of Appendix A, we estimate the power 
gains with the dependency of the frequency deviation Q in various cases. 
For the case of H F  pump we get the gain GN (called a normal gain) between the 
signals with same carrier frequency, but do not get such a gain for the case of L F  
pump. However for the both cases it is possible to get the gain Gc (called a conver­
sion gain) between the signals with the different carrier frequencies. In the forward 
state (i. e., two group velocities are positive), the gain of all the cases is bounded on 
condition that the distance d between input terminal and output terminal is constant. On 
the other hand, if Q = 0 , the normal gain for the case of H F  pump may be infinite in 
the backward state (one of the group velocity is negative), . that is, there occurs an 
"oscillating'  state. 
4A). The case of HF pump: 
Assuming a steady state response, we take the solution of eqs. ( 3. 3a) and ( 3. 3b) as 
A- ( t)- - ( ) -''"' A-*( t)- -*( ) - ''"' , x, a, x e , , x, a, x e . ( 4. 1) 
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where Q means the frequency deviation of waves with the amplitude A, and I A, I from the 
carrier frequency w, and w,, respectively. Substituting eq. (4. 1) into eqs. (3. 3a) and 
(3. 3b), we obtain the following ordinary differential equation with a vector form, 
( 4. 2) 
where suffix x denotes the differentiation as to x. The equation ( 4. 2) has the same 
form as eq. (A. 1), then we can entirely use the results of Appendix A. 
It is useful to define the following notations as shown in Appendix A, 
! e.= 21 (.R_.R), 13.= iy.=o (- M,M,)+ IA,.I,  
V91 V92 V91 V92 
r;. = - a;. =IT+ c e.; f3Y . ( 4. 3) 
( 1). Forward state. 
In this state both waves with the envelopes A, and A, propagate to the positive dire­
ction. Then we must regard a, ( 0) and a, ( 0) as input signals. From eq s. (A. 15) and 
(A. 16) it is sufficient to deal with the following power gains, 
GNh = Ia, ( d ) /a, ( 0 ) I' ,  Gch = la:( d ) /a, ( 0 ) I' , ( 4. 4) 
where we assumed the casa a:( o) = 0 . 
get 
Now we remark that y. is positive. From eqs. (4. 4), (A. 17b-c) and (A. 18b-c) we 
1 1 + sinh' ( r· d r;.) r;. 
GNh = 
1 + sin' ( �:d t.) 
Cr. > I e I) 
( 4. 5) 
Cr. < I e I) 
Gch = Q,. ( GNh- 1) (4. 6) 
where r;. � 1, t. > 0 and Q,. = M, v • .l M, v., 
Noting the relation (3. 5), we can express Q = ± Q ., which gives the condition y. = I() I, 
by the maxinum excited wave number K ., 
Q .  = K.  rv::;;;: ( 4. 7) 
From eq. (4. 5) we can always get the gain between signals with same carrier frequency. 
If the frequency deviation is comparatively small ( IQ I< Q .), the normal gain becomes 
sufficiently large as d-HX> . On the other hand this gain is bounded for comparatively 
large deviation ( IQ I> Q .). Examing the properties of functions (sinh x) /x and (sin x) 
/x, we conclude that GNh takes the maximum at r;. = 1 i. e., Q = 0 , 
( 4. 8) 
From eq. (4. 6) we always get the gain for the case of frequency conversion. 
(2). Backward state (only v., is negative). 
It is sufficient to deal with the case that only v., IS negative. Since A, propagates 
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to the negative direction, we must regard a, ( 0) and a;( d )  as the input signals. This 
situation corresponds to the two-points boundary value problem and the uniqueness of the 
solution is lost when there appears an eigen solution. 
We define the power gains for the backward state, 
( 4. 9) 
where a:C d )= 0 . 
Now we remark that /3. is positive. Using the relations (A. 16), (A. 17a) and (A 18 
a), we get 
{;Nh = [ 1 _ sin' ( �. dr;.) r;. 
" 
Gch = Q, ( GNh - 1) 
r ( 4. 10) 
( 4. 1 1) 
where r;. � 1. The normal gain is always larger than unit and may be sufficiently large 
as /3.d � ( n  + 1/2)7T and r;.� 1. If r;. = 1( Q = 0) and /3.d =( n + 1/2)7T, there appears 
an eigen solution i. e., an "oscillating'  state, 
{ Ia, ( x) I' = h IM ,/v. , lsin '( 2�; 1 7Tx) , 
I a, ( x) I' = h I M , / v., l cos' ( 2�d 1 7Tx) , 
( 4. 12) 
where h is an arbitrary constant and n = 0, ± 1, .... It is remarkable that the oscilla­
ting state can not be obtained when the frequency deviation is nonzero. 
We can also get the gain for the case of frequency conversion. When r;. = 1 and 
/3. d = n7T, each gain becomes minimum, GNh = 1 and Gch = 0 . 
48). The case of LF pump. 
To seek the amplification mechanism in the case of L F  pump, we analyse eqs. ( 3. 7 
a) and ( 3. 7b) in the same as the case of H F  pump. 
Taking the solutions as 
X, ex, t)= a,( x)e-iQ', X.cx. t)=a.Cx)e-'.Q', 
we get 
= i 
( Q/ v .. , oM, A •• ! v., ) 
BM. A:. I v •• , Q/ v •• 
The following notations are introduced, 
8,= �(� , --t-). /3, = 5 ( M, M. )+ I A •• I , V9a Vgm 
TJ, =- it, =h+( 8,//3,) '  
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( 1). Forward state. ( v., and v.m are positive) 
Assuming a, (0) =0, we define the gains, 
Paying attention to that (3. is positive, we obtain 
G _ 1_ sin' ((3, dr; ,) Nl- 2 , r;, 
where r;, � 1 and Q,m = M, Vgm I Mm v., 
(4. 16) 
( 4. 17) 
( 4. 18) 
we remark that the gain can not be obtained between the signals with the same fre­
quency. 
Now from eqs. (2. 7) and (2. 8) we obtain 
Qmn = I Mm v •• l M. Vgm I 
( 4. 19) 
The quantity Q,m is estimated as follows m each class of the mode coupling, 
{ Q, < w, / W2 , 
Q,m > w, / Wm . 
Q" > w, / w,, (in class-1) 
(in class-2) (4. 20) 
When the wave with middle carrier frequency W2 are pumped in the state of class-1, we 
can expect the amplification as frequency conversion i. e., "up-conversion' . 
(2). Backward state. ( v.m is negative) 
In this case the input signals are a, ( 0) and am (d). Assuming a, ( 0) = 0, we define 
Because )\ becomes positive, we obtain 
A 
r;, 
1 [ 1 + sinh 2 � Yt d r;, ) r , ( Yt > I e, I) 
GNI = [ 1 + s in 2 i? d.;-, ) r , ( Yt < I e, I ) 
Get= Q,m (1- GNI) · 
A 
We also remark that GNL< 1 
5. Parametric Amplification ( Large Signal Theory) 
(4. 21) 
( 4. 22) 
( 4. 2 3) 
It is desirable to analyse the nonlinear behaviour of eqs. (2. 6). In this section we 
give a nonlinear analysis for the case of H F  pump especially. However we impose a 
cetain assumption; each envelope A. is independent of the time. This corresponds to the 
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important case Q = 0 for the linear analysis. 
The basic equations are given as 
oA, -. A A 0x la, I 2 ' 
( 5 .  la) 
( 5 .  lb) 
( 5 .  lc) 
where we changed the notations as A.--> A. , A,.--> A. and a. 1s a real constant, 
( 5 .  2) 
Introducing functions a. ( x) = I A. ( x) I', we get the following equations with closed foms 
(see Appendix B), 
� �x�' = -3a, a, a: + 2 [ c, a, - a, ( a, a"' -a, aw ) ] a, 
+ cl ( al azo - a2 aw ) ' 
1 d a, , [ ( ) J 2 ax' = -3a, a, a, + 2 c, a, -a, a, aiO -a, a,o a, 
+ c2 ( a2 ato -at aw) , 
where c, and c, are constants, 
C, =a, a,o + a, a,o + 2a, Xo + a,IA.I' ' 
C, =a, a,o +a, a,o + 2a, Xo + a,IA.I' ' 
and a.o = a. ( 0), Xo = X (  0) where 
( 5 .  3a) 
( 5 .  3b ) 
( 5 .  4a ) 
( 5 .  4b ) 
2X ( x)=A.A: ( x)+ A;A, ( x).  (5 .5) 
It is rather difficult to solve eqs. (5 . 3) generally. Then we take the simple but impor­
tant case, 
A, (0) = 0 (and a,0 = 0), ( 5 .  6) 
which corresponds to limit the input signals at x = 0 to only a, (0). 
From eqs. (B . 2) of Appendix B, the following functions, 
b, = oa) ax' b, = oa, / o x  ' ( 5 .  7) 
vanish at x = 0 under the condition (5 . 6). Then equations (5 . 3) can be reduced to 
� b: =-a, a, a, ( a,- a,0) ( a,- �:) , (5 . Sa) 
� b; = -a, a, a, (a, + :: aw) (a, -�: ) ( 5 .  Sb) 
From eqs. (5 . 4), (5 . 5) and (5 . 6), we obtain 
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c, - + a, I A + A I' C' - a, I A + A I' - - a1o - so p , - - - so p , a, a, a, a, 
where Aao = A, ( 0) . 
( 5. 9) 
The behaviour of eqs. (5. 8) depends on the sign of the coupling coefficient a,. In 
the following we discuss the forward and backward case, respectively. 
(1). Forward case (each a" is positive). 
We can integrate eqs. (5. 8) using elliptic functions. 
(5. 8) and integrating as to a, and a,, respectively, we get 
Substituting eq. ( 5. 7) into eqs. 
fa, d a 2 ra:a:· x  = ± /- ( _ ) (  _ I ) = ± J, (a, ), a a a,0 a c, a, a,. 
fa, da 2 ;a:a:· x  = ± ) = ± J, (a, ) 0 J- a( a+ a, awl a. ) (a- c,/ a, 
From eqs. (5 . 9) the next estimations are obtained, 
o < a'" < c, I a, , - ( a, / a. ) aw < 0 < c,/ a, 
Accordingly the range of a, and a, becomes 
aw < a, < c./ a, ' 0 < a, < c,/ a, . 
( 5. lOa) 
( 5. lOb) 
( 5. 11) 
From the integrel formulae of elliptic functions, we can calaulate J, and J, as 
J, (a,)= 2 ra;a, /3F [arcsin � (a,:, a'"f, k] , 
J, (a,)= 2 ;a:a: /3F [ . 1 ( a, )+ k] arcsm- I , k a,+ aw a, a, 
where F( 8, k) is the first kind elliptic function with modulus k and 
/3 = [ a, ( a, aw + a, I A,o + A. I' ) ] + , 
k _ ( a, I Aao + A. I' ) + < 1 -
a, a,o + a, I A,o + A. I' 
( 5. 12) 
( 5. 1 3) 
Introducing the normal gain GN(= a,(d)la,(O))and 
as well as linear analysis, we finally obtain 
the conversion gain Gc(=a,(d)la,(O)) 
( 5. 14a) 
( 5. 14b) 
where dn ( ·) is Jacobi
'
s elliptic function and the other functions sn ( ·) and en (·) will be 
also used in the later discriptions. 
If input signal aw is sufficiently small, our results (5. 14) must coincide with the 
results of linear analysis. Making the approximation, 
/3----> /3o = ;a:a: I Aao + A. I , k----> 1 as aw----> 0 , 
we get 
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Gc=( a ./a.) sinh' (f].d) . ( 5. 15) 
These coincide with the results of linear analysis. If we make the size· d sufficiently 
large in the linear approximation, the gain becomes as large as we want. But by the 
exact theory we can remark that the gain has a finite maximum at d = K( k) I fl where K 
( k) is the first kind complete elliptic integral. 
(2). Backward case (only a, is negative). 
We set only the coefficient a, to be negative. Then the quantity a,. is regarded as 
output signal. If we assume the existence of unique solution, the treatment of this case 
can be brought out as same as the forward case. 
Corresponding to eqs. (5. 10), we get 
fa, da zra:a.x= ± .; ( )( 1 ) - a  a- a,. a- c , a,a., 
.;=a,a. fa, da 2 - a, a, x = ± 0 ./a(a- c ,la.Ha+a,. a ./a.) 
( 5. 16a) 
(5. 16b) 
To calculate the right hand sides of eqs. (5. 16), we prepare the following two cases. 
( 2A) ( - a.! a,) I A •• + A. I' < a,. (large signal case). 
The . followings are ,obtained, 
a, ( x) = a .. dn ' ( ./a, a,a,. x, k) ,  
a, ( x) = - ( a,la,) a,. k' sn' ( ./a, a, a, .  x, k) , 
where 
k =./- ( a./a. a,.) lA .. + A.l < 1 . 
(5. 17a) 
(5. 17b) 
( 5. 18) 
From eq. ( 5. 17a) we remark that the normal gain GN ( = a, ( 0) I a, (d) ) has a finite maxi-
mum, 
( 5. 19) 
(2B) a,.<( - a.! a.) lA •• + A.l' (small signal case) . 
In this case the power of signals is smallsr than the pumping power, then this si­
tuation includes the case of linear analysis. 
We get the followings, 
a, ( x) = a,. en' ({lx, k) , 
a, ( x) = ( - a ./ a,) a .. sn' ({lx, k) , 
where 
fl = ./- a,a,I A  .. + A.l, k = ./( - a.la,) a,. I lA •• + A.l. 
From eq. ( 5. 20a) the normal gain, 
GN = en -• ( {ld, k) , 
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(5. 20b) 
( 5. 2 1) 
( 5. 22) 
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has no finite maximum against the case ( 2A) . In other words there appears an eigen 
solution when k satisfies the relation, 
d =(2m+1)k( k) ( m=O, 1, . . .  ). ( 5 .  2 3 ) 
If a, and a" are sufficiently small, equations (5 . 20) can be approximated as 
a, ( x) =a, cos' /3, x, a, ( x) =( - a,/ a,) a, sin' /3, x, ( 5 .  24) 
where /3, = I- a, a, . These also co inc ide with the results of lin ear analysis . 
Finally we remark thet for the case of a, = - ( a,/ a,) I Aso + A.l' there appear soli­
tary pulse �1 by solving eq . (B . 7). 
6. Concluding Remarks. 
In this section we give some remarks for the case of H F  pump . 
We examine the physical meaning of the quantities defined in eq . (4. 3). Taking Q 
to be real, we write the solution K of eq . ( 3. 4) as K(.Q) = Kr (.Q) + iK. (.Q). That is, we 
get K ( .Q) = I y� - e: . If K( .Q) is complex, we note that K ( .Q) represents the spatial 
growth rate of waves . Furthermore the function K (.Q) has a maximum K.m = y. at Q = 0 
and vanishes at Q = Qm, where .Qm is defined in eq . ( 4. 7). We also get 
( 6. 1) 
Using the results of linear analysis, we can estimate the half-power band width .Q, 
as follows . 
(1) Forward state . 
If we assume that the normal gain GNh of eq . (4. 5) is sufficiently large ( y. d :> 1) 1. 
e ., 
we can estimate the half-power band width approximately . Setting the relation GNh ( r;J 
= GNh(l) /2, we get rJB. = /y. /2d from eq . (4. 3). Using eq . (6. 1), we obtain 
.. ( 6. 2) 
(2) Backward state . 
Assuming GNh :> 1 m eq . (4. 10), we also get 
where we regard GNh as GNh ( r;J 
Now, changing the group velocities as I v., I-+ v., and I v., l-+ v., , we can define a cer­
tain forward state . Then we introduce the spatial growth rate K ( .Q) which vanishes at 
Q = Qm, where Qm =I Qm I . Accordingly we can express the band width .Q, as 
( 6. 3) 
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Appendix A. Linear boundary value problems. 
We consider the following equations with a vector form, 
(A. 1) 
where z,, z, and a product z., z, are real. At the boundaries x = 0 and x = d we 
assume two paired values [u,(O), u,(O)] and [u,(d), u,(d)] to be specified. In this 




j,, j, u, ( 0) 
(u, (d)) 
= 
(b", b,) (u, ( 0) ) 
. 
u, ( 0) b,, b, u, (d) 
The characteristic equation of matrix [z,J is 
(A. 2) 
(A. 3) 
A2 -(z, + z,)A +( z,z, -z.,z,) = 0 , (A. 4) 
where two roots A, and A, are assumed to be different each other. The matrix [z,J 
can be expressed as 
(z, , z.,) 
= 
( 1, P, ) (A, , 0) ( 1, P, )-
'
' 
z, , z, P, , 1 0, A, P, , 1 
If we introduce the transformation, 
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(u) 
= 
(1 , P,) (v') 
n 
u P, ,1 v, 
equation (A. 1) is reduced to the diagonal form, 
(V,.r) 
= 
( iA '.' 0 ) (v') 
. 
V,.r 0, lA, v, 




v, 0, e c, 
where c, and c, are arbitrary constants. 







u, P, , 1 0, e c, 
From eq. (A. 5) we get 
P = ;.,-z, ' ' z, P,= )..,-z, z, 
At this stage, we define the following quantities, 
)..,=a+/3 , )..,=a-(3 
where 
(3= Jp; + (/ = (3. TJ ' TJ = JI + ( f)/ (3.) 2 






Three quantities (3, (3. and r; may be real or pure imaginary. Then it is useful to intro­
duce the following three cases. 
(1) . 1 � r;' < ; three quantities /3, (3. and TJ are real. 
(2). 0 < r;' � 1: (3 and /3. are pure imaginary. Then introducing the notations y = -i/3 
and y. = - i/3., we may discuss with real numders, 
y = J y; -B' = Yo TJ' TJ = J 1-( fJ/ y.)' (A. 8d) 
( 3) . - = < r;' < 0 ; (3 is real but fl. and TJ are pure imaginary. If w e  also define r = 
ir;, we may use the real numbers, 
fl = J r! - i. = r. r. r = J< e; rY - 1 (A. 8e) 
From eqs. (A. 2) and (A. 6) we can obtain 
[j,j] 
= 
(1, P, ) (e"·d  
.
. �J (1, P,)-• ' 
P., 1 0, e ) P., 1 (A. 9a) 
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j J, = _l ( e ••.d _ p p e i!.,d) J, = P, ( ,�.,d_ "·d) 11 !l, 1 2 ' u  4 e e ' 
J, = P' (e"·d_ e' .. d) J, = _l( ,�.,d_ p p "·d) .. D. , ,. A e , ,e . • Llp 
where D..= 1- P, P, ( i= 0). 
Substituting eqs. (A. 7) and (A. 8a-c) into eq. (A. 9b) 
we obtain 
J,,=e··•(cos/3d+ i; sinfld) , J,,= ie' .. �'sinfld , 
j., = ie ••• p' sin/3d , j., = e ••• ( cosf]d - i ; s infld) , 
[! ] 
.... det 'i = e . 
We can express the matrix [b,J of eq. (A. 3) by the elements fii, 
(bll, b .. )
= 
_l_ (det [J,i], J,,) 
' 
b,, ' b,, j., - j., ' 1 
where we must assume the condition, 
(A. 9b) 
(A. 10) 
(A. 1 1) 
j., i= 0 ' (A. 12) 
whicn is equivalent to j,, i=O. Using eq. (A. 10), we obtain 
bll I b,. = e .... , b .. I b,. = - z,, I z,. , 
••
• e b,, = e , cosfld - ifi sin/3d 
We obtain the following relations, 
IJ,JJ..I=Iblll b  •• l= 1 ,  
IJ,. I J., l =I d,, I d .. I= I z,, I z ,, l , 
lblli=IJ,.I-'. lb .. I=IJ,.I J,.l. 
b .. = �·· sinfld 
cosfjd- i ; sinfld 





Especially we calculate the quantities IJ,.I' and IJ,.I' in the following cases. 
( 1) 1 � TJ <=; 
0 � IJ,.I' = 1 - sin' ( �. dr;) � 1. TJ 
IJ,.I' =l z,, lsin' �fl.dr;) 
z,, TJ 
( 2) 0 < TJ � 1 ; 
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IJ,,I' = lz"l sinh'\ r. dr;) z,. r; 
( 3) 0 < s <oo; 
1 < IJ,.I' = 1 + sin' i/· ds) 
IJ,, I , = I ;::1· sin' (2' d s) 
We remark that the condition (A. 12) holds except for the conditions, 
()= 0, (i.d =( n + 1/2)rr, ( n= O , ±1, .... ) 





Furthermore we supplement the following discussions. When [ u, (0), u, ( d)] are speci­
fied, equation (A. 1) can be treated from the viewpoint of two point boundary value pro­
blem. 
Using eq. (A. 6), we construct two solutions E. and Ed which satisfy the boundary 
conditions at x = 0 and x = d, respectively, 





·x,o) (u , ( O) - P, h,l
' ?,
1 
0, e'"x h, 
(1, P,l (e '"· lx .-dl, o·l ( h 
l 
Ed ( x)= ' 
?,1 O,e'A,Ix-dl u,(d)-P,h, 
where h, and h, are constants. 
Connecting these solutions at a point x = f, we get 
(A. 20) 
To determine h, and h, uniquely from eq. (A. 20), we must impose the condition, 
6. = e'1A.-A,Id_ P, P, =I= 0 , 
which is just equivalent to eq. (A. 12). If eq. (A. 19) holds, there appears an eigen sol­
ution, 
(iiZ::, 0 l 
E.n ( x)cx 
0,� 
(sin[ ( n+1/2)rrx] l
· 
cos[n+ 1/2) rrx] 
(A. 2 1) 
Appendix B. Analytical treatment of the time independent coupling eqvations. 
The time independent coupling equations with a constant pumping can be reduced to 
the solvable forms ( 5. 3). 
Equations (5. 1) are altered to the various forms, 
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A, A: a a; = ia, ( I A, A,l ' + A. A: I A, I ' ) ' 
A: A, a� = ia, ( lA, A, I'+ A. A: lA, I' ) , 
A*A* a A, - · lA A I' 1 2 ----a;;- 1-Gs 1 2 , 
al :; I ' = ia, ( A:" A; A, - A, A, A;)+ ia, ( A. A; A;- A: A, A, ) , 
(B. 1) 
al:; l' = ia,( A;A;A,- A, A,A,*)+ ia,( APA;"A;- A:A, A,) , ( B . 2) 
a iA,I' - . ( A*A*A A A A*) � - z,as 1 2 3- t 2 s 
For the briefness, we define the notations, 
{ a.( x)=IA.(� I' ,  2X ( x)=APA� ( x)+A:A,( x) ,  
F( a, , a, , a, ) - a, a, a, + a, a, a, a ,  a, a, 
fi a, , a, ) = a, a, + a, a, . 
Using eqs. (5.la), (5.lb) and (B.l), we get 
!cAP A; A:- A: A, A,)= - 2i ( X+ I API' )j( a, a,) ' 
!c A; A; A, - A, A, A:)= - 2iF( a, a, a, ) - 2iXj( a, a,) 
(B. 3a) 
(B. 3b) 
Differetiating eqs. (B. 2) with relations (B. 3), we obtain the coupled equations with real 
variables, 
� �J, = a, [ F( a, a, a, ) + 2Xj( a, a, ) + I Ap I' f( a, , a, ) ] , 
� (/;:: = a,[F( a, a,a,)+2Xj( a, a,)+IAPI'J( a, a,)] , (B. 4) 
� �J' = - a, [ F( a, , a, , a, ) + Xj( a, , a, ) ] , 
The conservation laws can be obtained from eqs. (B. 2) , 
where 
a,- a,.= - �( a,- a,.)+J( x)= - �( a,- a,.)+J( x) , a, � 
J( x)= ia , Jx ( APA;A;� A:A, A,)dy= - 2( x- x.), 
0 
are obtained from eq. (5. lc). 
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a, = - ( a , I a, ) ( a, - a tO ) - 2( X-X .) + a,. , 
=- ( a ,/a,) ( a,- a,.)- 2( X-X .)+ a,. . ( B. 6) 
We remark that the functions a, ( x) and X( x) can be excluded from the term, 
F( a,, a,, a,)+ 2Xj( a,, a, )+ lA. I' f( a,, a,) , 
by substituting eq. ( B. 6). That is, the first two equations of eqs. ( B . 4) are closed as 
to a, and a, . Furthermore using eq. ( B. Sa), we can get eqs. (5. 3). 
On the other hand the function X( x) satisfy 
a'x , ax' +a ,  ( X+ IA.I )j( a" a,)= 0 .  ( B. 7) 
If a, and a, are determined from eqs. (5. 3), the function X( x) can be first obtained from 
eq. ( B. 7). Then the function a, ( x) is also obtained from eq. ( B. 6). 





佐 藤 繁 之
生物の 示す周期現象を生物リズムという。 サーカディアン・リズムはその周期が約 24 時間の生物リ






近年， 行動と 中枢神経系の関係が神経科学の領域での最大関心事となっている。 本論文では， キリ
ギリスの発音行動について神経束の切断、 神経インパルスの導出， 脳や神経節の刺激といった種々の














久 谷 敏 和
石炭を還元アルキル化するとベンゼンに対する溶解性が著しく増加するが， アル キル基の導入数と
導入位置などアル キル化機構に就ては尚不明な点が多い。 本研究は Naphthalene， Anthracene， 
Phenanthrene， Chrysene， Pyrene， Acenaphthene など6 種の石炭モデル物質を石炭と同一条件
で還元メチル化並びに水素化してその生成物をIR， NMR， GC-MS等より調べ， 各モデル物質のメ
チル化物 中にはCH，基l 付加物から 4付加物の他に水素化物も存在する事， Naphthaleneでは2量体
が生成する事， 更に溶媒THF は開環せず反応に関与せぬ事などを明らかにした。
(日化会， 第3 7春季年会発表(1978)) 
βスチレンスルホンアミド誘導体のMichael型分子内付加反応
杉 林 毅 宏
N- (βスチレンスルホニル)- sーメチルイソチオ尿素( 1 )とそのかブロム置換体のアルカリ処理で
1から分子内 付加生成物である3ー メチルチオ- 4H-5 - フェニル- 5， 6ージヒドロ 1 ，  2， 4 チ
アジアジンーし l ジオ キシド(2 )とβスチレンスルホニルシアナミド(3 )， 後者から2の6ブロム
体( 4)， 2の5 ， 6位不飽和体( 5 )および3のかブロム体を生じた。 2， 4， 5のヒドラジン処理で
は， それぞれ2の3ーヒドラジノ誘導体(6)， 5ーヒドラジノ 体および6の5 -ヒドラジノ体を生じた。
石炭可溶分の構造解析
(還元アルキル化法によるベンゼン可溶分の構造解析
橋 本 茂 樹
夕張， 太平洋両炭の還元メチル化物をベンゼン抽出し， これらを更に6 種の溶剤で逐次分別して，
両炭各溶剤可溶分の収量と構造の差異並ぴに両炭ベンゼン不溶分の再メチル化による再可溶化性と再
溶出成分の構造等に就て調べた。その結果， 当初殆んどベンゼンに溶解しなかった夕張， 太平洋炭も
当処理により夕張炭は61%， 太平洋炭は35%がベンゼンに可溶化し， しかもその多くがヘ キサン可溶
分で， 前者は41%， 後者は73%を占めた。
概してヘキサン可溶分は炭種， ì容出量の如何に拘らず， 類似の単位構造よりなり， 且つ軽度の水素
化分解法から得られたものよりも芳香族環 数は小きかった。
(第16 回石炭科学会議発表(1979) ) 
nu qd 14 
〔金属工学専攻〕
マンガン鉱の熱分解に関する研究
遠 藤 英 行
マンガン酸化物の熱分解機構に関する研究の一環として， 熔焼温度範囲におけるα Mn，O，の熱分
解挙動を， 主として示差熱重量分析， X線回折による分解生成物の同定などの方法により検討し， 熱
分解の反応過程ならびにそれらに及ぽす種々の反応条件の影響を明らかにした。
また， え られた恒温熱分解曲線を未反応核モデルに基づいて解析し， 反応の律速過程ならびに各素
過程に対応する速度定数の温度依存性などについて検討し， 熱分解の反応機構について考察した。
銅ーマンガン(0.5--6 :;%)合金の内部酸化について
桜 木 宏 史
銅合金の内部酸化について一連の研究をしてきたが， 本実験では銅に対する大きな固溶限を有する
Mnを溶質に選ぴ0.5%- 6 %Mn の合金を内部酸化きせ， 機械的性質の影響を調べた。 その結果， 本系
合金も， 酸素拡散律速の内部酸化機構があてはまること， 又， 試料表面に酸化の進行と共に外部から
成長するafter s urface が観察された。 内部酸化温度が高< ， 溶質濃度が増大するにつれ， 酸化層内
では， 微細酸化物粒子と， 粗大な塊状粒子が混合して存在し， その結果耐力の上昇は認められるが，
降伏強きは低下することが認められた。
プレパッ クプレス法による複合材料の研究
塚 本 敏 之
SA Pの発見以来， 分散強化型合金は， 粉末冶金， 機械的混合法， 内部酸化法， 共沈法， 還元法等
々で製造されているが本法は， 加圧鋳造法を用いてAトS iO，系， およびAl，O.系の分散強化型合金
をねらいとした。 鋳造後の試料は押出し加工， ならびに時効処理を施し， 強化をねらった。 その結果
シラス系のAl-SiO， 型合金ではSiO. が還元され， Siが 基地に固溶強化したが靭性は不十分であり，





鋳物は鋳込み後室温に至るまでの凝固冷却 中に， 不均一な冷却や鋳造方案， 鋳型の冷却能の差等に
よって鋳造応力が発生する。 これをひずみゲージを用いて鋳型材， 合金の組成， 型ばらし時間， 鋳込


























吉 野 俊 彦
時効性Ni基合金としてNi-6 .3-7 .5%Al合金を選び， 加工熱処理による材料強化を検討した。 本系
合金はNi，Alのいわゆるy'相が変調構造をとって析出するのが特徴である。 試料は(1)圧延加工→時効
(2)時効→加工→時効の処理を加工率を30-90%， 温度600- 700'Cにさまざまに変え た。 その結果， (1) 
の処理では6.3%試料では再結晶後の析出が， また7.5%Alでは析出後の再結品 が認められた。 (2)の処







トされた場合における円柱衝突噴流 (噴流幅が円柱直径より小さい場合) の流れを (1)自由噴流領域
(2)前方よどみ点近傍領域 (3)壁噴流領域 (4)円柱後方領域 に分けて考察し， 流れの相似性および流










そこで本研究は， 平板層流境界層内の速度分布を， 熱線の長さ， サポート直径および熱線直径を変





折 田 公 也
研削加工された材料の表面近くには複雑な残留応力が発生する。 本研究では研削条件を変え て各種
の鉄鋼材料を研削し， ひずみゲージ法及ぴ X線法によって残留応力を測定し， 炭素鍋における炭素含
有量と残留応力の関係をしらべ， また， 合金鋼においては熱処理かたきと残留応力の関係について検
討し， さらに研削を急停止することによって砥石一工作物干渉領域を固定し， 各部の残留応力を X線
法によって測定し， その発生過程を検討した。
油の圧縮率が制御系の動作に及ぼす影響
瀬 戸 慶 彰
油圧駆動系の動作において， 作動油 中に含まれるわずかの微小空気量のため， 流量制御の際に駆動
系は自励振動が生じやすい。 この振動機構を明らかにするため， 導管を含むシリンダ内の油の容積，
附加空気量， 負荷重量， および流量制御弁開度をパラメータとした系の実験的動作と， この系に生ず














岡 田 清 彦
本論文では， 人聞の行う簡単な判断動作の所要時間の時系列変化を追求した。
時系列変化は全体変動と周期変動から構成される。 ここに， 全体変動の緯析は比較的簡単に行える
が， 周期変動についてはそっはゆかぬ。 ここでは， 周期変動の大略を把握のためスベクトル分析を行




塚 田 安 明
液膜と液充満式のかきとり面形熱交換器の時間平均局所熱伝達係数を Penetration model 及ぴ他
の伝熱実験からプラントル数の0.5乗に比例するとして電極反応によって熱， 物質移動のアナロジー















が開放された毛管束による Cap illary Siphon ingを利用し， 液の生成と同時に槽外に効率よく排液を
行なう新しい周液分離法を提案した。 本分離法の操作条件を得るために， (1)毛管束による自然排液特
性， (2)浸漬物体投入 による界面沈降速度促進効果， (3)排液用毛管束への粒子付着， (4 )傾斜管による同




察し， 速度分布に壁面法則を適用して界面における代表値， 勇断応力ならびに相 当粗度を算出した。
又， 界面での波立ちを粒子論的に考え ， 作用する力を代表量を使って無次元数 We， F r で表現した。
その結果Weが一定な部分と WeがF rの 1乗に比例する部分に分けられ， それぞれ液膜内の物質移
動速度の気液による促進作用の結果との対応をみ， これら相聞の妥当性が 裏付けされた。
有機性廃水の活性スラッジ処理に関する研究










最近の光通信技術の進歩には目ざましいものが ある。 本論では， 発振器の同期をとる際の同期信号
に新しい試みとして光信号を用いた。 高周波用トランジスタを主にMHz帯で発振させ， その接合部
に同期信号としてレーザダイオード光を照射し， 光注入同期を実現した。 レーザ光の強弱のくりかえ
し周波数を掃引して同期範囲を測定する実験などから， 同期の存在と強きを明らかにした。 また， 発
振回路の等価回路と非線形項の近似により， 同期のかかり具合いなどについて解析した。
ZnS(Mn)薄膜EL素子の作成条件と発光特性
北 山 貞 宣
Ta -Ta，O，-ZnS (M n) -A u構造の薄膜EL素子について， 素子の開発と動作解析とを目的として行
ったものである。 具体的には， 発光中心としてのMnの濃度やZnS( Mn) 膜の熱処理条件等と発光強
度とについて調べた。 その結果， 最適Mn 濃度は約O.3wt%であることなどがわかった。また素子に三
角波電圧を印加した場合の電流波形から， アパランシェ開始電圧VAを求め， Mn 濃度や熱処理温度と
の関係について調べた。 その結果， VAはMn濃度によって変わることなどがわかった。 このほか，電




中 西 靖 明
ディジタルフィルタのハードウエア実現時の問題として 有限語長演算による非線形性が ある。 本論
文では， この問題を標準形巡回形及ぴ結合形ディジタルフィルタを中心に考察し， オーバーフローを
考慮、した入力のダイナミックレンジ， nオーダ標準形巡回形の非零入力状態におけるオーバーフロー
非線形性に対する安定条件， 2オーダ標準形巡回形のDCリミットサイクル， を示した。 又， 結合形






非品 質WO，ij莫と絶縁膜の積層による固体ECセルを作成し， 特性を測定した。 絶縁膜にSi，N ， を用
いたセルでは， 電極材料の水分の透過性が着色の応答速度や着色効率に影響し， 着色・消色どちらの
反応にも外気からの水分の供給が必要であり， セルを Collodion膜でコーティングすると， その高い
吸湿性のために特性が改善される場合が あることが明らかとなった。 絶縁膜にHydronを用いたセル






近来通信， 測定にディジタル化が進められている。 ディジタル信号処理に於いて， フーリエ変換の
手法は， 変換のもつ普遍性と 有用さの為， 今後更に利用・発展が進むものと考えられる。 フーリエ変
換を実行するハードウエアの設計試作を試みている。 ハードウエア量の少ない0100アルゴリズム
の構成に基ずいて， FFT 演算装置の高速化をはかっている。 演算器は浮動小数点形式を 採用し， デ
ータの仮数部と指数部の演算を分離し， 並行に動作させる工夫が 試みられ， シフト操作の速度向上と
相まって， 固定 小数点形式の演算と同程度の演算速度の得られることが 示されている。
TCNQ電荷移動錯体の合成とその電子物性
福 井 朋 納
四種類の TCN Q錯体単結品 の結晶構造と電気的特性を調べた。 電導度温度依存性において，NM
P-TCN Qは， TCN Q鎖が格子不整合を有したもので金属一絶縁体相転移規則的構造を有したもの
は半導体特性を示し， TCN Q鎖が格子不整合を有すTTF -TCN Qは金属 絶縁体二次相転移を示






グラフの最 小 コストスパニング 木を求めるアルゴリズム-Kruskal 及びP r imのアルゴリズムと
Sp i ra の提案した方法に著者がひとつの解決を与え たアルゴリズム について， それを能率の観点か
ら評価した。
能率を判定する尺度としては， t ime complexity に重点をおき， また，実際問題としてのアルゴリ
ズム の良否を導くことに， 特に， 重きをおいて評価を行った。
斜め蒸着面に対するネマチック液品分子配向の機構
矢 山 英 樹
SiOの蒸着角度が80'と75。の場合には， SiO斜め蒸着膜に対するGoodmanらの提案したc 0 lumn 
モデルの妥当性が， 折曲tt:法を用いた電子顕微鏡観察により直接確認きれた。 また， そのモデルを用
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